
1 INTRODUCTION  
Hull girders are very important components in 

ship structures, and therefore they should be de-
signed for a set of failure modes that govern their 
strength.  The modes of failures can be classified to 
produce two distinct strength and serviceability limit 
states.  Strength limit states are based on safety con-
sideration or ultimate load-carrying capacity of the 
hull girders and they include plastic strengths, buck-
ling, and permanent deformation.  Serviceability 
limit states, on the other hand, refer to the perform-
ance of the hulls under normal service loads and are 
concerned with the uses of the hull girders and they 
include such terms as excessive deflections and first 
yield.  To evaluate the strength of ship hull girder it 
is necessary to review various strength predicting 
models and to study their applicability and limita-
tions for different loading conditions.  Although hull 
girders strength has been studied for many years, 
several advanced strength models have been devel-
oped during the last few decades.  These advanced 
models take into account the effects of initial distor-
tion; weld induced residual stresses, and various 
variables concerning strength prediction.  Some of 
these models are empirical in nature but they are 
highly representative of real world scenario because 
they were developed on the bases of experimental 
data.  An exact strength prediction can only be 
achieved by method of analysis, either numerical or 
experimental, in which all the characteristics of the 
hull girder and the loading variables are presented 
and are properly accounted for. 

In this paper, strength limit states for failure 
modes of ship hull girders are presented.  For each 
limit state, commonly used strength models were 
collected from many sources to evaluate their limita-

tions and applicability and to study their biases and 
uncertainties.  Wherever possible, the different types 
of biases resulting from these models were com-
puted.  In doing so, these prediction models were 
classified as follows: (1) prediction models that can 
be used by the LRFD rules, (2) advanced prediction 
models that can be used for various analytical pur-
poses, (3) some experimental results from model 
testing, and (4) some real measurements based on 
field data during the service life of a ship.  The bias 
and uncertainty analyses for these strength models 
are needed for the development of LRFD rules for 
hull girders of ship structures.  The uncertainty and 
biases of these models were assessed and evaluated 
by comparing their predictions with more accurate 
ones or real values. 

The objective of this paper is to summarize de-
velopments in strength prediction models for ship 
hull girders that are suitable for LRFD development 
for ship structures. Recommendations for the use of 
the models and their biases for the LRFD develop-
ment are provided.  The first-order reliability method 
(FORM) was used to demonstrate the development 
of partial safety factors for a selected limit state. 

2 RELIABILITY-BASED DESIGN METHODS 
The reliability-based design of ship structures re-
quires the consideration of the following three com-
ponents: (1) loads, (2) structural strength, and (3) 
methods of reliability analysis.  These three compo-
nents are essential for the development of LRFD-
based reliability design for ship hull girders. 
 There are two primary approaches for reliability-
based design: (1) direct reliability-based design and 
(2) load and resistance factor design, LRFD (Ayyub 
et al 1998).  The direct reliability-based design ap-
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proach can include both Level 2 and/or Level 3 reli-
ability methods.  Level 2 reliability methods are 
based on the moments (mean and variance) of ran-
dom variables and sometimes with a linear approxi-
mation of nonlinear limit states, whereas, Level 3 re-
liability methods use the complete probabilistic 
characteristics of the random variables.  In some 
cases, Level 3 reliability analysis is not possible be-
cause of lack of complete information on the full 
probabilistic characteristics of the random variables.  
Also, computational difficulty in Level 3 methods 
sometimes discourages their uses.  The LRFD ap-
proach is called a Level 1 reliability method.  Level 
1 reliability methods utilize partial safety factors 
(PSF) that are reliability based; but the methods do 
not require explicit use of the probabilistic descrip-
tion of the variables. 

2.1 Direct Reliability-Based Design 
The direct reliability-based design method uses all 
available information about the basic variables (in-
cluding correlation) and does not simplify the limit 
state in any manner.  It requires performing spectral 
analysis and extreme analysis of the loads.  In addi-
tion, linear or nonlinear structural analysis can be 
used to develop a stress frequency distribution.  
Then, stochastic load combinations can be per-
formed.  Linear or nonlinear structural analysis can 
then be used to obtain deformation and stress values.  
Serviceability and strength failure modes need to be 
considered at different levels of the ship, i.e., hull 
girder, grillage, panel, plate and detail.  The appro-
priate loads, strength variables, and failure defini-
tions need to be selected for each failure mode.  Us-
ing reliability assessment methods such as FORM, 
reliability indices β��s for all modes at all levels need 
to be computed and compared with target reliability 
indices β��s.  The relationship between the reliability 
index β and the probability of failure is given by 

( )βΦ−= 1fP  (1) 
where Φ(.) = cumulative probability distribution 
function of the standard normal distribution, and β = 
reliability (safety) index.  It is to be noted that Eq. 1 
assumes all the random variables in the limit state 
equation to have normal probability distribution and 
the performance function is linear.  However, in 
practice, it is common to deal with nonlinear per-
formance functions with a relatively small level of 
linearity.  If this is the case, then the error in estimat-
ing the probability of failure Pf is very small, and 
thus for all practical purposes, Eq. 1 can be used to 
evaluate Pf with sufficient accuracy (Ayyub and 
McCuen 1997). 

2.2 Load and Resistance Factor Design 
The second approach (LRFD) of reliability-based de-
sign consists of the requirement that a factored (re-
duced) strength of a structural component is larger 

than a linear combination of factored (magnified) 
load effects as given by the following general for-
mat: 
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whereφ  = strength factor, nR  = nominal (or design) 
strength, γ i  = load factor for the ith load component 
out of n components, and niL = nominal (or design) 
value for the ith load component out of m compo-
nents. 
 In this approach, load effects are increased, and 
strength is reduced, by multiplying the correspond-
ing characteristic (nominal) values with factors, 
which are called strength (resistance) and load fac-
tors, respectively, or partial safety factors (PSF�s).  
The characteristic value of some quantity is the value 
that is used in current design practice, and it is usu-
ally equal to a certain percentile of the probability 
distribution of that quantity.  The load and strength 
factors are different for each type of load and 
strength.  Generally, the higher the uncertainty asso-
ciated with a load, the higher the corresponding load 
factor; and the higher the uncertainty associated with 
strength, the lower the corresponding strength factor.  
These factors are determined probabilistically so that 
they correspond to a prescribed level of reliability or 
safety.  It is also common to consider two classes of 
performance function that correspond to strength and 
serviceability requirements. 
 The difference between the allowable stress design 
(ASD) and the LRFD format is that the latter use dif-
ferent safety factors for each type of load and 
strength.  This allows for taking into consideration 
uncertainties in load and strength, and to scale their 
characteristic values accordingly in the design equa-
tion.  ASD (or called working stress) formats cannot 
do that because they use only one safety factor as 
seen by the following general design format: 
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where R = strength or resistance, Li = load effect, 
and FS = factor of safety.  In this design format, all 
loads are assumed to have average variability.  The 
entire variability of the strength and the loads is 
placed on the strength side of the equation.  The fac-
tor of safety FS accounts for this entire variability. 
 In the LRFD design format, ship designers can use 
the load and resistance factors in limit-state equa-
tions to account for uncertainties that might not be 
considered properly by deterministic methods (i,e., 
ADS) without explicitly performing probabilistic 
analysis.  The LRFD format as described herein is 
concerned mainly with the structural design of ship 
hull girders under combinations of different load ef-
fects.  The intention herein is to provide naval archi-
tects and ship designers with reliability-based meth-
ods for their use in both early and final design stages 
and for checking the adequacy of the scantlings of all 



structural members contributing to the longitudinal 
and transverse strength of ships.  The general form 
of the LRFD format that is used in this paper is 
given by Eq. 2. 
 The probabilistic characteristics and nominal val-
ues for the strength and load components were de-
termined based on statistical analysis, recommended 
values from other specifications, and by professional 
judgment.  The LRFD general design formats for 
ship hull girders are given by one of the following 
two main cases, limit sate 1, and limit sate 2, respec-
tively: 

WDWDWDssn LkLR γγφ +≥  (4) 
( )DDDWWWssn LkLkLR γγγφ ++≥  (5) 

whereφ  = strength factor, nR  = nominal (or design) 
strength such as the ultimate stress, sγ = load factor 
for stillwater load effect such as bending moment, 

sL  = nominal (or design) value for stillwater load ef-
fect such as bending moment, WDk  = combined 
wave-induced and dynamic bending moment factor, 
and WDγ  = load factor for combined wave-induced 
and dynamic bending moment, WDL  = nominal (or 
design) value for wave-induced and dynamic bend-
ing moments effect, Wk  = load combination factor, 

Wγ  = load factor for waves bending moment load ef-
fect, WL  = nominal (or design) value for waves 
bending moment load effect, Dk  = load combination 
factor, Dγ  = load factor for dynamic load effect such 
as bending moment, and DL  = nominal (or design) 
value for dynamic load effect such as bending mo-
ment. 
 The strength and load factors are called collec-
tively partial safety factors (PSF�s).  These factors 
are determined using structural reliability methods 
based on the probabilistic characteristics of basic 
random variables for materials, geometry and loads 
including statistical and modeling (or prediction) un-
certainties.  The factors are determined to meet tar-
get reliability levels that were selected based on as-
sessing previous designs.  This process of 
developing LRFD rules to meet target reliability lev-
els that are implicit in current practices is called code 
calibration. 

2.3 Reliability Checking 
The LRFD methods also provide formats for reliabil-
ity (safety) checking for various types of hull struc-
tural elements.  In order to perform a reliability 
checking on these elements, the computed reliability 
safety index β resulting from reliability assessment 
using for example FORM should not be less than the 
target safety index β0 as given by the following ex-
pression: 

0ββ ≥  (6) 
Reliability checking for different classes of ship 

structural elements can also be performed using the 
general form of the load and resistance factor design 
format of Eq. 2.  Depending on the limit state, the 

nominal strength Rn of the structural component 
shall meet one of following two main requirements 
for limit states 1 and 2, respectively: 
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3 HULL GIRDER STRENGTH 
Hull girders are important components in ship struc-
tures, and therefore they should be designed for a set 
of failure modes that govern their strength.  The 
modes of failures can be classified to produce two 
distinct strength and serviceability limit states.  
Strength limit states are based on safety considera-
tion or ultimate load-carrying capacity of the plates 
and they include plastic strengths, buckling, and per-
manent deformation.  Serviceability limit states, on 
the other hand, refer to the performance of plates un-
der normal service loads and are concerned with the 
uses of the girders and they include such terms as ex-
cessive deflections and first yield.  To evaluate the 
strength of ship hull girder it is necessary to review 
various strength predicting models and to study their 
applicability and limitations for different loading 
conditions.  Although hull girders strength has been 
studied for many years, several advanced strength 
models have been developed during the last few dec-
ades.  These advanced models take into account the 
effects of initial distortions, weld induced residual 
stresses, and various variables concerning strength 
prediction. Some of these models are empirical in 
nature but they are highly representative of real 
world scenario because they were developed on the 
bases of experimental data.  An exact strength pre-
diction can only be achieved by method of analysis, 
either numerical or experimental, in which all the 
characteristics of the hull girder and the loading 
variables are presented and are properly accounted 
for. 

In this section, strength limit states for failure 
modes of ship hull girders are presented.  For each 
limit state, commonly used strength models were 
collected from many sources to evaluate their limita-
tions and applicability and to study their biases and 
uncertainties.  Wherever possible, the different types 
of biases resulting from these models were com-
puted.  In doing so, these prediction models were 
classified as follows: (1) prediction models that can 
be used by the LRFD rules, (2) advanced prediction 
models that can be used for various analytical pur-
poses, (3) some experimental results from model 
testing, and (4) some real measurements based on 
field data during the service life of a ship.  The bias 
and uncertainty analyses for these strength models 
are needed for the development of LRFD rules for 
hull girders of ship structures.  The uncertainty and 



biases of these models were assessed and evaluated 
by comparing their predictions with more accurate 
ones or real values.  In developing the bias factors, 
Monte Carlo simulation was used to assess the prob-
abilistic characteristics of the strength models by 
generating basic random variables for a model and 
substituting the generated values in the model.  
Then, the results were statistically analyzed. 

3.1 Moment Capacity of Hull Girder 
One of the fundamental concepts of engineering is 
that of a system, which can be anything from a sim-
ple beam or detail to complicated multilevel subsys-
tems.  A ship obviously falls into the category of a 
relatively large and complex system.  The ship con-
sists of several subsystems, which are essential to the 
integrity of the whole system.  Examples of these 
subsystems are the hull girders, unstiffened and stiff-
ened panels, and structural details.  Probably the 
most essential part of a ship design is the hull girder 
system or model.  Environmental loads, either static 
or dynamic, that are due to sea environment and 
ship�s motion are functions of the hull shape.  How-
ever, much of these loads are relatively independent 
of the substructures (subsystems) such as unstiffened 
and stiffened plate elements, that is, they are not af-
fected by the structural layout and shape or by scant-
lings.  Therefore, the design of the hull girder shall 
be the first step toward designing the other substruc-
tures of a ship because much of the overall load ef-
fects on the hull girder can be used for designing 
these substructures or subsystems. 

In a large structure, such as a hull girder, both the 
loading and the response are extremely complex, and 
therefore, the response analysis must be performed 
in two stages: (a) an analysis of the overall structure 
and (b) a separate and more detail analyses of differ-
ent substructures.  Many of the load effects from the 
overall analysis constitute the loads and boundary 
conditions at the substructure level.  The overall 
structure of a ship is essentially a floating beam (box 
girder) that internally stiffened and subdivided, and 
in which the decks and bottom structure are flanges 
and the side shell and any longitudinal bulkheads are 
the web.  External forces and moments on a hull 
girder are those forces or moments that are applied 
on a beam such as vertical shear force, longitudinal 
bending moment in the ship�s vertical and horizontal 
planes (My and Mz), and longitudinal twisting mo-
ment Mx.  The most significant of all these forces 
and moments is the vertical bending moment of the 
hull girder about the z-axis as shown in Figure 1.  
This load affect is due primarily to the unequal dis-
tribution of the weight (W) of the ship and buoyancy 
(BF) along the length of the ship due to waves.  For 
many ships, the maximum value of the horizontal 
moment My is much smaller than the vertical mo-
ment Mz, typically 20% or less.  The vertical bending 
moment varies along the length of the ship.  It can 

take values from zero at the ends to a maximum at or 
near the mid-length of the ship.  This maximum 
value of the vertical moment for hull girder is the 
single most important load effect in the analysis and 
design of ship structures.  Hull girder bending can be 
caused by either hogging or sagging depending on 
the curvature due waves.  The hull girder analysis 
and design assume that the hull girder satisfies sim-
ple beam theory that implies the following assump-
tions (Hughes 1988): (1) plane cross sections remain 
plane; (2) the beam is essentially prismatic; (3) other 
modes of response to the loads do not affect hull 
girder bending and may treated separately, and (4) 
the material is homogeneous and elastic. 

4 HULL GIRDER STRENGTH MODELS 
This section presents the development in strength 

predictions models for ship hull girder bending.  The 
strength models that are deemed suitable for LRFD 
development for ship hulls are collected from differ-
ent sources and summarized.  Recommendations for 
the use of the models and their biases in LRFD de-
velopment are provided.  The first-order reliability 
method (FORM) can be used to demonstrate the de-
velopment of partial safety factors (PSF) for the limit 
states based on the recommended strength models 
given in this section.  The strength capacity of hull 
girder is divided into three broad categories: vertical, 
horizontal, and combined vertical and horizontal hull 
girder bending strength. 

4.1 Vertical Hull Girder Bending Strength Capacity 

4.1.1 Adamchak (1979) 
The ultimate strength of a hull girder subjected to 

vertical bending can be computed using an incre-
mental strain approach as suggested by Adamchak 
(1979) in his computer program on the ULTimate 
STRength (ULTSTR) of hull girders.  The program 
calculates the moment-curvature relationship and the 
ultimate bending capacity of the ship�s hull girder 
cross section using information about scantlings of 
all structural members contributing to the longitudi-
nal strength of the hull girder, material properties, 
and an incremental strain with strain-compatibility 
constraints and statics.  The ultimate bending 
strength value depends mainly on the section 

 
 Figure 1.  Hull Girder Model of a Ship  (Hughes 1988) 



modulus and the yield strength of the different types 
of steel used in the midship section and the percent-
age of each type (Atua 1998).  Detailed description 
of ULTSTR program can be found in Adamchak 
(1979), Assakkaf (1998), and Atua (1998). 

4.1.2 Caldwell (1965) 
According to Krishnankutty (2000), the fully plastic 
collapse moment of hull girder strength was first 
proposed in 1965 by Caldwell.  This approach as-
sumes that the ultimate collapse condition is reached 
when the entire cross section of the hull including 
sides has reached the yield state, and the material is 
elastically-perfectly plastic and loads increase pro-
portionally up to the collapse loads.  Also, the possi-
bility of bucking of compressive parts of the struc-
ture before the limit condition is reached in this 
particular case, and the effects of axial and shear 
forces are neglected.  With the above simplifications, 
the fully plastic collapse moment, MP, can be ex-
pressed as follows: 

PyP SMFM =  (7) 
where MP = fully plastic moment, Fy  = yield 
strength of the material, and 
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where Ad = cross section area of the deck including 
stiffeners, AB = area of the bottom including stiffen-
ers, As = area of one hull side including stiffeners, D 
= depth of the midship section, and g = distance 
from the center of the deck area to the plastic neutral 
axis.  The distance g is given by the following equa-
tion: 
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4.1.3 Kaplan et al. (1984) 
Kaplan et al (1984) analyzed ship hull girder 
strength for two modes of failure: (1) failure result-
ing from yielding of hull girder (by entire deck or 
bottom-shell yield) due to bending, and (2) failure 
resulting from full plastic collapse of the entire hull 
cross section (including the sides).  The ultimate 
bending capacity Mu according to Kaplan et al 
(1984) is given by 

pyu ZFM =  (10) 
where Zp = plastic section modulus of hull girder and 
it is given as 
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and in which AD = cross section area of the deck (in-
cluding stiffeners), AB = total effective area of the 
bottom (including stiffeners), AS = effective area of 
one side (including stiffeners), D = depth of midship 
section (usually equals to ship�s depth), and YD = 

distance from deck area to the plastic neutral axis, 
which is given by Kaplan et al (1984) as 
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4.1.4 Paik et al. (1996) 
Paik et al (1996) derived an analytical formula for 
predicting the ultimate vertical moment capacity of 
ships with multi-decks and multi-longitudinal bulk-
heads/side shell based on the geometry of the hull 
components.  This methodology is also based on the 
assumption of a distribution of longitudinal stresses 
in the hull cross-section.  In the compressed parts of 
the section, the hull girder flange and a part of the 
side shell are at their ultimate strength compressive 
limit.  In the flange parts of the section subjected to 
tension, full tensile yield develops, but the sides re-
main in the elastic state. 

The stress distribution in the vicinity of the neutral 
axis is linear.  The neutral axis of the hull section at 
the collapse is calculated based on two boundary 
conditions: (1) no net axial force acts on the hull 
girder, and (2) the stress distribution in the vicinity 
of the neutral axis is linear elastic.  The moment ul-
timate moment capacity is then obtained by integrat-
ing the first moment of the longitudinal stresses with 
regard to the neutral axis.  The expressions for this 
model can be found in Paik et al. (1996) and they are 
not reproduced in this paper due to space limitation.  
This model assumes longitudinal stress distribution 
over the hull cross section at the overall collapse 
state. 

The hull cross-section is divided in a series of 
horizontal and vertical members.  The number of 
horizontal and vertical members is (m+1) and (n+1), 
respectively.  The coordinate yi indicates the position 
of horizontal members (such as bottom and decks) 
above the base line, and zj shows the position of ver-
tical members (such as side shells and longitudinal 
bulkheads) from a reference (left/port) outer side 
shell.  The sectional area of horizontal members at y 
= yI is denoted by Ayi, while the sectional area of ver-
tical members at z = zj is denoted by Azj.  Again, de-
tailed illustrations of these variables can be found in 
Paik et al. (1996). 

4.1.5 Manour et al. (1995) 
The section modulus Z amidship is to be determined 
according to best engineering judgment and prac-
tices.  The elastic-based bending strength of a hull 
girder can be then computed as (Mansour et al 
1995): 

ZFcM ybu =  (13) 
where cb = buckling knock-down factor which is set 
to be a random variable with mean (or design) value 
of 0.36 in hogging and 0.74 in sagging, Fy = yield 
strength of materials, Mu = ultimate bending capacity 



of the hull girder, and Z = section modulus.  The 
buckling knockdown factor is defined as 
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It is equal to the ultimate collapse bending moment 
of the hull, taking buckling into consideration, di-
vided by the initial yield moment.  The ultimate col-
lapse moment can be calculated using nonlinear fi-
nite element program, or equivalently using 
computer software based on Idealized Structural 
Method (ISUM).  Approximate nonlinear strength 
analysis may also be used (Mansour et al 1995).  The 
initial yield moment is simply equal to the yield 
strength of the material multiplied by the section 
modulus of the hull at the compression flange (i.e., 
at deck in sagging condition, or at bottom in hogging 
condition).  The default values for the buckling 
knockdown factor cb may be taken as 0.80 for mild 
steel and 0.60 for high-strength steel (Manour et al 
1995, and Atua 1998). 

4.1.6 Mansour and Thayamballi (1993) 
Manosur and Thayamballi (1993) developed an ex-
pression for the ultimate bending moment of the hull 
girder similar to the expression given in Eq. 14.  In 
this model, they included modeling uncertainty fac-
tor to account for variability and bias from assump-
tions and deficiencies in analytical and design proce-
dures.  The ultimate bending strength as described by 
Mansour and Thayamballi (1993) is given by 

crUu ZFXM =  (15) 
where Z = section modulus of hull girder amidship, 
Fcr = critical strength (stress) in buckling, and XU = a 
model uncertainty in strength with mean value of 
1.0, COV of 0.15, and normal probability distribu-
tion.  The parameters Z and XU are provided in Table 
1 for different mode of failures for the hull. 
 
Table 1.  Critical Strength and Section Modulus of Ship Hull 
Girder for Different Failure Modes (Ayyub and Atua 1996) 
Mode of Failure Fcr / Fy 
Buckling 
Instability 

Plate between 
stiffeners 

0.92 

 Stiffeners and 
effective plat-
ing 

0.96 

 Cross stiff-
ened panels 

1.0 

 Tripping of 
stiffeners 

0.66 

Hull Girder Instability Col-
lapse 

-0.172 + 1.548 Φcp -
0.368 2

cpΦ  
Serviceability Limit State 0.87 

4.1.7 Paik and Thayamballi (1997) 
Based on Paik and Thayamballi (1997) model for 
predicting the ultimate compressive strength of stiff-
ened panels, the ultimate vertical moment capacity 
of the hull girder can be estimated from the follow-
ing equation: 
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where Z is the hull section modulus to be determined 
according to best engineering judgment and prac-
tices, Fy is the mean yield strength of stiffened panel, 
and λ and B are the slenderness ratio of the panel. 

4.2 Horizontal Bending Strength 
The same procedure as defined in the previous sec-
tions for vertical bending is to be followed in deter-
mining the horizontal bending strength capacity of 
the hull girder; however, it is to be noted that when 
using ULTSTR in this case, the incremental strain, 
buckling, curvature, and the bending moment are to 
be applied in the horizontal plan, i.e., about the 
ship�s vertical center line. 

4.2.1 Paik et al. (1996) 
In the same manner as described for the pure vertical 
bending moment, Paik et al. (1996) defined a stress 
distribution over the hull cross-section with horizon-
tal bending moment to be assumed.  Since the hull is 
symmetric with regard to the centerline, the magni-
tude of ultimate horizontal bending moment is the 
same in the positive and negative direction of the 
loading. 

4.3 Combined Vertical and Horizontal Bending 
Strength 

4.3.1 Kaplan et al. (1984) 
A formula for the mean value of combined lifetime 
extreme vertical and horizontal wave-induced bend-
ing moments was suggested by Kaplan et al. in 1984 
and it is given by 
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where hM  = mean value of life-time extreme hori-
zontal wave-induced bending moment, vM  = mean 
value of life-time extreme vertical wave-induced 
bending moment, vhρ  = the correlation coefficient 
between vertical and horizontal wave-induced bend-
ing moments, Zv = vertical section modulus of the 
hull girder, and Zh = horizontal section modulus of 
hull girder. 

4.3.2 Paik et al. (1996) 
Paik et al (1996) proposed a similar equation for the 
ultimate strength interaction relationship, but con-
sidering two different exponents for the vertical and 
horizontal bending moment.  According to these au-
thors, the strength is given by 
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The authors established this relation based on 
nonlinear finite element calculations for eleven ves-
sels: five tankers, two bulk carriers, two container 
vessels and two cruisers.  The coefficients α1 and α2 
were defined based on the analysis of these eleven 
ships, and not based on ship type as proposed by 
Soares and Gordo (1997).  According to Paik et al. 
(1996) the coefficient α1 is equal to 1.85 and the co-
efficient α2 is equal to 1.0.  The parameter δ on the 
right-hand side of the equation is assumed to be a 
random variable with mean value equals 1. 

5 RECOMMENDED STRENGTH MODELS FOR 
LRFD RULES DEVELOPMENT 

Development of reliability-based design rules for 
surface ships requires the definition of strength pre-
diction models, their uncertainties, and biases from 
real (measured) values.  For hull girder strength in 
LRFD format (or limit state), the following items are 
considered vital for selecting a strength model: 

1. prediction models as used in LRFD rules 
2. advanced prediction models that can be used 

for various analytical purposes 
3. some experimental results from model test-

ing, and 
4. some real measurement from actual values 

that occurred during the surface life of the 
ship 

Relationships and uncertainties analysis for these 
items are also needed.  The relationships can be de-
fined in terms of biases.  The ultimate bias of interest 
herein is that between the LRFD rules values and 
real values.  In formulating a strength design model 
for ship hull girders, a balance must be achieved be-
tween the model accuracy, applicability, and 
simplicity in the rules, all of which are desired 
features.  The assessment of a model bias and 
uncertainty can be a difficult task.  One way of as-
sessing a model uncertainties and biases is by 
comparing its prediction with ones that are more 
accurate or real values from experimental test 
results.  As was noticed in the previous sections, the 
level of complexity associated with hull girder 
strength models ranges from highly complex models 
to simple ones.  The more complex theoretical 
models do not necessarily lead to less uncertainty.  
Although they can be accurate, they can be more 
uncertain because in most cases they involve a large 
number of variables, some of which may be very 
uncertain.  On the other hand, simple empirical 
formulation such as that of Herzog (1987) or Paik 
and Thayamballi (1997) can lead to fairly good re-
sults.  Although theoretically less rigorous, they can 
be of practical use because they represent real ship 
hulls.  These models are limited to the slope of the 
underlying tests. The objective of this section is to summarize hull 
girder strength models that are deemed suitable for 
LRFD design format.  The selection of these models 
is based on the following three items: (1) the model 

accuracy, (2) applicability, and (3) simplicity in the 
rules.  Tables 2 and 3 summarize these models for 
reliability-based LRFD rules of hull girder bending.  
Table 2 provides the models for vertical moment ca-
pacity, while Table 3 provides the models for com-
bined vertical and horizontal bending moments of 
hull girder. 

6 EXAMPLE: CALCULATION OF PARTIAL 
SAFETY FACTORS FOR HULL GIRDER 

Based on the ultimate capacity (ultimate moment), 
this example demonstrates the calculation of partial 
safety factors for the hull girders when they are un-
der a combination of stillwater, wave-induced, and 
dynamic bending moments.  The performance func-
tion of the limit state for this case is given by 

( )DDDWWWSWSWuM MkMkMMg γγγφ +−−=  (19) 
The partial safety factors for this limit state function 
were developed for demonstration purposes using a 
target reliability index β0 of 4.0.  This equation pro-
vides strength minus load effect expression of the 
limit state.  
 
Table 2.  Recommended Strength Models of Hull Girder Verti-
cal Moment Capacity for LRFD Rules Development 
Model Bias COV Reference Type 
ULTSTR 1.0 0.15 Adamchak 

(1979) 
Advanced 

ZFcM ybu =  
Sagging 

1.21 0.34 Mansour 
(1995) 

Simple 

ZFcM ybu =  
Hogging 

1.21 0.31 Mansour 
(1995) 

Simple 

Paik 
Model, 
Sagging 

0.77 0.12 Paik et al. 
(1996) 

Requires identi-
fication of hull 
cross section 
properties 

Paik 
Model, 
Hogging 

0.76 0.11 Paik et al. 
(1996) 

Requires identi-
fication of hull 
cross section 
properties 

Eq. 16 0.90 0.12 Paik and 
Thayam-
balli 
(1997) 

Based on stiff-
ened panel 
strength 

 
 
Table 3.  Recommended Strength Models of Hull Girder Com-
bined Vertical and Horizontal Moments Capacity for LRFD 
Rules Development 
Model Bias 

(δ) 
COV 
(δ) 

Reference 
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0.97 0.10 Paik et al 
(1996) 

 
 



The First-Order Reliability Method (FORM) re-
quires the probabilistic characteristics of Mu, MSW, 
MW and MD.  The stillwater load effect MSW is due to 
stillwater bending that can be assumed to follow a 
normal distribution with a coefficient of variation of 
0.15.  Both the wave-induced and dynamic load ef-
fects MW and MD can be assumed to follow an ex-
treme value distribution (Type I largest) with a coef-
ficient of variation of 0.15 and 0.25, respectively 

The mean values of stillwater, wave-induced, and 
dynamic bending moments that can be provided in 
the form of a ratio of stillwater/wave-induced and 
dynamic/wave-induced loads can range from 0.2 to 
0.4 and from 0.25 to 0.35, respectively.  The ratios 
of means for strength/wave-induced load and the 
partial safety factors for a target reliability of 4.0 
were determined using FORM.  Based on FORM, 
the resulting partial safety factors can be used to de-
sign the ultimate capacity (ultimate moment) of a 
hull girder under a combination of stillwater, wave-
induced, and dynamic bending moment by satisfying 
the following design criterion: 

( )DDWWSWu MkMkMM 17.122.1 04.148.0 +−≥
 (18) 

7 CONCLUSIONS 
Future design rules for ship hull girders will be de-
veloped using reliability methods and they will be 
expressed in a special and practical format such as 
the Load and Resistance Factor Design (LRFD).  
The recommended strength models for hull girder 
strength that deemed suitable for the development of 
LRFD rules are presented in this paper.  Recommen-
dations for the use of the models and their biases for 
the LRFD development are provided.  The first-order 
reliability method (FORM) was used to demonstrate 
the development of partial safety factors for a se-
lected limit state and for demonstration purposes. 
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