The McGraw-Hill Companies

FAI LURE CRITERIA:
% |STRESS TRANSFORMATION

[ " o " . S
/o)  A. J. Clark School of Engineering *Department of Civil and Environmental Engineering

MECHANICS OF
MATERIALS

Dr. Ibrahim A. Assakkaf

SPRING 2003
ﬁ Chapter ENES 220 — Mechanics of Materials
7.1 Department of Civil and Environmental Engineering
University of Maryland, College Park

"‘-ﬁ% LECTURE 21. FAI LURE CRITERIA: STRESS TRANSFORMATION (7.1 - 7.3) Slide No. 1

A ﬁ & ENES 220 ©Assakkaf
> Ll

Combined Static Loading

m Introduction

— Formulas were developed previously for
determining normal and shearing stresses
on a specific planes in

* Axially loaded bars
 Circular shafts, and
* Beams
— For example, the normal stress at a point

on a cross section of a beam can be
computed by the flexural formula.
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Combined Static Loading

m [ntroduction

— The elastic flexural formula for normal
stress is given by
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Combined Static Loadmg

m Introduction
Distribution of Normal Stress in a Beam Cross
Figure 1 Section

1 Centroidal axis

Neutral axis
le——/quunnnns FX / \ c
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Combined Static Loading
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m [ntroduction

— Also, as an example, the shearing stress at
the same point on the cross section of the
beam can be computed using the shearing
stress formula:

Vo

r=—= (3)
It
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Combined Static Loadin

m Introduction |Figure 2 D
(a) (b) . |Txy
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Comblned Static Loading

m Introduction

— Another example is the stress on circular
shafts due to torsion.

— The stress of a point on a circular shaft due
to torsion can be computed from

max J ( 4)
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Combined Static Loadmg

m Introduction

m Distribution of Shearing Stress within the
Circular Cross Section

Figure 3
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* Combined Static Loadin o

m Introduction
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Combined Static Loadmg

m [ntroduction Figure 5
+ Y F=0

Y
r,dA-7,, (dAcosa)cosar + T, (dAsina)sina =0 \

From which

~

- 2 L
7, —z'xy(cos o —sin a)—z'xy cos2a (5)

+ Y F =0
o, dAd-z7, (dAcosa)sina — T (dAsina)cosa =0 W

From which

ydA Cos o

7,, dA4 sin

0,=2r sinacosa=r_sin2a (6)
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Comblned Static Loading

m [ntroduction

— The method of finding the stress on a
specified inclined plane as illustrated by
free-body diagram of Fig. 5 is not suitable
for determining the maximum normal and
maximum shearing stresses.

— A more general approach will be
developed to handle this type of analysis.
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Introductlon

y » The most general state of stress at a point may
b be represented by 6 components,

K

0x,0,,0,  normalstresses

Tyys Tyzs Tz Shearingstresses

(Note: 7y, =7, Ty, =7z, Top =Tyxz)

» Same state of stress is represented by a
different set of components if axes are rotated.

* The first part of the chapter is concerned with
how the components of stress are transformed
under a rotation of the coordinate axes. The
second part of the chapter is devoted to a
similar analysis of the transformation of the
components of strain.
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Introductlon

H

* Plane Stress - state of stress in which two faces of
the cubic element are free of stress. For the
illustrated example, the state of stress is defined by
Oy Oy Txy and o,=1, = 75 =0.

+ State of plane stress occurs in a thin plate subjected
to forces acting in the midplane of the plate.

+ State of plane stress also occurs on the free surface

. of a structural element or machine component, i.e.,
N at any point of the surface not subjected to an

/ . external force.
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Stress at a General Point in an
Arbltrary Loaded Member

m State of Stress

— Stress at a point in a material body has
been defined as a force per unit area.

— But this definition is somewhat ambiguous
since it depends upon what area we
consider at the point.

— To see this, consider a point O in the
interior of the body shown in Fig. 6a.
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Stress at a General Pointinan
Arbltrary Loaded Member

m State of Stress
Figure 6 / )
0]

”

- // T~

(a) (b)

Stress at a General Pomt inan
Arbltrary Loaded Member

m State of Stress 1

dF, = ,dA )—x
z p
/%L— dF, =,d4 \
dF. =1t _dA @) dF._ =1 dA

(c) Figure 6 (d)
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Stress at a General Point 1n an
Arbltrary Loaded Member

m State of Stress

— Let x, y, and z be the usual rectangular
coordinates axes and let us pass a cutting
plane through point O perpendicular to the
X axis as shown in Fig. 6b.

— If dA is the area, then by definition,

Slide No. 16

—
ENES 220 ©Assakkaf

dF
o= . 5 o =9 (5)
dA Y dA dA
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Stress at a General Point in an
Arbltrary Loaded Member

m State of Stress

— In a similar manner, let us pass a cutting

plane through point O perpendicular to the
y axis as shown in Fig. 6c¢.

— The corresponding components of stresses
can be written as
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dF, _dF, dF.

o, = = =

" aa T4 = ©
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Stress at a General Pointinan
Arbltrary Loaded Member

m State of Stress

— Finally, by passing a cutting plane
perpendicular to the z axis as in Fig. 6d,
this can result in

o. = ar, T = ar, T = ar,
“ T A == A >=aq (1)
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Stress at a General Point 1n an
Arbltrary Loaded Member

m State of Stress

— Now it is quite likely that each of the nine
stresses provided by Egs. 5, 6, and 7 will
have a different value.

— Therefore, what is the stress at a point?
— |t seems that we have nine choices!

— There is no such a thing as the stress at a
point O, but rather there is a combination
or state of stress at point O.
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Stress at a General Point 1n an
Arbltrary Loaded Member

m State of Stress

— It is convenient to depict the state of stress
by the scheme of Fig. 7, in which the
stresses on three mutually perpendicular

planes are labeled in the manner described
above.

— The state of stress shown in the figure is
called the general or triaxial state of stress
which can exit at any interior point.

—
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Stress at a General Point in an
Arbltrary Loaded Member

m General or Triaxial State of Stress

Gy
Figure 7 |
X
z
l Ty =T
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ﬁ
Stress at a General Point 1in an
Arbltrary Loaded Member

m General or Triaxial State of Stress
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» The most general state of stress at a point may
be represented by 6 components,

¥
" ) 0,0,,0,  normalstresses
Tyys Tyzs Tz Shearing stresses

(Note: 7y, =7, T, =T, Top = Ty)
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Stress at a General Point in an
Arbltrary Loaded Member

‘
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m General or Triaxial State of Stress

— Sign Conventions

Normal stresses indicated by the symbol o and
a single subscript to indicate the plane (actually
the outward normal to the plane) on which he
stress acts.

Normal stresses are positive if they point in the
direction of the outward normal. Thus, normal
stresses are positive if tensile and negative if

compressive
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Stress at a General Point in an
Arbltrary Loaded Member

m General or Triaxial State of Stress

— Sign Conventions (cont’d)

Shearing stresses are denoted by the symbol ¢
followed by two subscripts, the first subscript
designates the normal to the plane on which
the stress acts and the second designate the
coordinate axis to which the stress is parallel.

A positive shearing stress points in the positive
direction of the coordinate axis of the second
subscript if it acts on a surface with an outward
normal in the positive direction.
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i Stress at a General Point in an
Arbitrary Loaded Member

m General or Triaxial State of Stress

— In dealing with the states of stresses the
engineer is confronted with two problems:

1. First, how does she/he determine the state of
stress of a point; that is, how does she/he
calculate values for o, o, 7, and so on?

2. Second, how does the maximum value of the
stress (normal or shear) be determined at a
point? The stresses o,, 5, 7, and so on may
not be the maximum pOSSIb|e value.
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Two-Dimensional Stress o

m Plane Stress

— The analysis of plane stresses of a point
are more simpler than the analysis of
general state of stress.

— Plane stress is considered a special case
of the general state of stress of a point.

— Two parallel faces of the small element
shown in Fig. 7 and 8 are assumed to be
free of stress.
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Two- Dimensional Stress

m Plane Stress

ly Figure 8

BE s
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Two D1mens1onal Stress
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m Plane Stress

* Plane Stress - state of stress in which two
faces of the cubic element are free of
stress. For the illustrated example, the
state of stress is defined by

Oy, Oy, Txy and o,=r1_, =7, =0.
”" LECTURE 21. FAI LURE CRITERIA: STRESS TRANSFORMATION (7.1 - 7.3) Slide No. 29
Two Dimensional Stress

m Plane Stress

+ State of plane stress occurs in a thin plate subjected
to forces acting in the midplane of the plate.

+ State of plane stress also occurs on the free surface
. of a structural element or machine component, i.e.,
7 ly at any point of the surface not subjected to an
/ . external force.
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i Two-Dimensional Stress
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m Plane Stress

— For the purpose of a analysis, let these
faces be perpendicular to the z-axis,
therefore,

o.=7.=7,=0 (8)

— As was shown earlier, this also implies that

T =7 =0 ©)
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. Introduction

e Plane Stress - state of stress in which two faces of
the cubic element are free of stress. For the
illustrated example, the state of stress is defined by

rr Oy, Oy, Txy and o, =7, =7, =0.

« State of plane stress occurs in a thin plate subjected
to forces acting in the midplane of the plate.

« State of plane stress also occurs on the free surface
. of a structural element or machine component, i.c.,
~ ‘y at any point of the surface not subjected to an
/ . external force.
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Two-Dimensional Stress |

m Plane Stress
— Components: o,

Normal Stress o, |
A Thx

Normal Stress o

y h
Shearing Stress z,, o
Shearing Stress 7, .

Figure 9
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The Stress Transformation
Equatlons for Plane Stress

m Plane Stress Equations

— Equations relating the normal and shearing
stresses o, and 7,, on an arbitrary plane
(oriented at an angle & with respect to a
reference x-axis) through a point and the
known stresses o, o,, and 7, = 7, on the
reference planes can be developed using

the free body-diagram method.
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The Stress Transformatlon o
Equatlons for Plane Stress

m Plane Stress Equations Figure 10
Free-body Diagram t\ |
@) 4 =\ b
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The Stress Transformation |
Equatlons for Plane Stress

m Plane Stress Equations

— Figure 10b is a free-body diagram of
wedge-shaped element in which the areas
of the faces are

* dA for the inclined face (plane A-A)
* dA cos 0 for the vertical face, and
* dA sin 0 for the horizontal face
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The Stress Transformatlon
Equatlons for Plane Stress

m Plane Stress Equations
Summing forces in the n-direction gives
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+/' Y F,=0,d4d- 0 (dAdcosO)cosO -0, (d4sin@)sin @
T, (dAsin)cos O — 7, (dAcosB)sin® =0
Since T =Ty therefore
o, =0,c08 O+o, sin’ 0+27,, sindcost (103)
In terms of the double angle,

o.+to, o0, —

o = +— Gycos29+r_sin29 (IOb)
n 2 Xy

2
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The Stress Transformation Equations
for Plane Stress

m Plane Stress Equations Figure 10
Free-body Diagram 7\ |V
@ o, =\ b
Q
\/ T o, dA cos 0
(A "4
T ‘
" o ! T | 7.dAsin®

o, dA sin 0
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The Stress Transformation Equations
for Plane Stress

m Plane Stress Equations
Summing forces in the t-direction gives

+\ Z F, =7,dA+0 (dAcos@)sin 6 — o, (dAsin6)cos @

-7, (dAcosB)cos O + 7, (dAsin@)sind =0
Since T =Ty therefore

T, = —(o-x -0, )sin Ocosb+7,, (cos2 0 —sin’ 9) (1 1 a)
In terms of the double angle,

o,—0

W= *sin 20+, cos 26 (llb)
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Transformatlon of Plane Stress

Slide No. 39

* Consider the conditions for equilibrium of a

prismatic element with faces perpendicular to

. thex, y,and x” axes.
a,. (AA cos 6) ;

. ZFv=0=0.M —o. (A4 cosH)cosH—r (Adcos8)sin@

(AAsm9)51n0 Ty (AAsmH)cos&
AA+0X(AAcos0)s1n¢9 Tay (Adcos@)cos 6
- y(AA51nn9)cosﬁ+r (Adsin@)sin@

Ty (BA Cos 8

YFy=0=ty

Ty (AA sin @)=—T—

a, (AA sin @

* The equations may be rewritten to yield

o.,+0, O,—0C
cp=—"2"Y 1% Vieos20+7,,sin20
X 2 2 Xy
o,+t0, O,—0C .
oy=— Y "X "Vios20-7,,sin20
y Xy
2 2
O- - .
Tyy == al ysm29+rxycos29
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i The Stress Transformation

[ —,

Equations for Plane Stress
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m Plane Stress Transformation Equations

S xy
o, 4?/\ -’—» o,
T o, dA cos O
W T—r‘l— o
» e :
7, dA sin ©

o, dA sin 0

2% = ) :
c,=0,c08"0+0,sin" 0+27 _sinfcosb

7. dA cos 6
N o

- —(ox g )sin OcosO+7, (cos2 0 —sin’ 0)
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g The Stress Transformation

Equations for Plane Stress
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m Plane Stress Transformation Equations

= Double Angle Form =\
o, e
i 3
N a Ty &,
. ? i {_’
. 4 - 0, dA cos O
T G
’ 7 dA S0
. =0 0, dA sin O
7, =————>sin260+7_cos26
9 3%

(13)

o .
g - + s *>c0s 26 + 7, sin 20
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The Stress Transformatlon o
Equatlons for Plane Stress

m Sign Conventions

1. Tensile normal stresses are positive;
compressive normal stresses are
negative.

2. A shearing stress is positive if it points in
the positive direction of the ordinate axis
of the second subscript when it is acting
on a surface whose outward normal is in
a positive direction.

;"i@ LECTURE 21. FAI LURE CRITERIA: STRESS TRANSFORMATION (7.1 - 7.3) Slide No. 43
A

The Stress Transformatlon
Equatlons for Plane Stress
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m  Sign Conventions (cont’d)

3. An angle measured counterclockwise
from the reference x-axis is positive.
Conversely, angles measured clockwise
from the reference x-axis are negative.

4. The n, t, z-axes have the same order as
the x, y, z-axes. Both sets of axes
constitute a right-hand coordinate
system.
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The Stress Transformatlon
Equatlons for Plane Stress

m Example 1
— The stresses shown in the figure act at a
point on the free surface of a stressed
body. Determine the normal and shearing
stresses at this point on the inclined plane
AB shown in the figure.
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The Stress Transformation
Equatlons for Plane Stress

Example 1 (cont'd)
70MPa

/Z' nt _l_B 40MPa
B

Figure 11
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The Stress Transformatlon
Equatlons for Plane Stress
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m Example 1 (cont’d)
We have, 70MPa

o, =—10MPa —l—B HOMPa
o, =-70 MPa 4} «'710MPa

7, =+40 MPa
0=-28"
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The Stress Transformation
Equatlons for Plane Stress

m Example 1 (cont’d)
Applying Eq. 12 for the given values

2 c a2 :
o,=0,c08" 0+0 sin"0+27 sindcosd

=—10cos’(~28)—70sin’ (- 28)+2(40)sin(— 28)cos(- 28)
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o, =—56.39 MPa

T, = —(O'X -0, )sin Ocosf+7,, (cos2 0 —sin’ 6’)

= (10— (=70))sin(~28) cos(~28) + 40(cos’ (~ 28)—sin(~ 28))

r =47.24MPa
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ol -
g~ The Stress Transformation
Equations for Plane Stress

m Example 1 (cont’d)

70MPa

| 40MPa
B
~’—10MPa
4,67




