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The Load-Moment Relationship

.. " =,

m Axial Load-Moment Combination

— Assume that P, is applied to a cross
section at an eccentricity e from the
centroid, as shown in Fig. 1a and 1b.

— Add equal and opposite forces P, at the
centroid of the cross section, as shown in
Fig. 1c.

— The original eccentric force P, may noe be
combined with the upward force P, to form
a couple P e, that is a pure moment.
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The Load-Moment Relationship

m Axial Load-Moment Combination

P

u Figure 1
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5 The Load-Moment Relationship

m Axial Load-Moment Combination

— This will leave remaining one force, P,
acting downward at the centroid of the
cross section.

— It can be therefore be seen that if a force
P, is applied with an eccentricity e, the
situation that results is identical to the case
where an axial load of P, at the centroid
and a moment of P, e are simultaneously
applied as shown in Fig. 1d.
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The Load-Moment Relationship

m Axial Load-Moment Combination

— If M, is defined as the factored moment to
be applied on a compression member
along with a factored axial load of P, at the
centroid, the relationship between the two

can expressed as
M
e=—* (1)
P

u
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The Load-Moment Relationship

m Eccentric Axial Loading in A Plane of
Symmetry
Figure 2

C%&: ¢ :Ux+§>§_0x

G x (G X )centric + (G X )bending
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The Load-Moment Relationship

m Eccentric Axial Loading in A Plane of
Symmetry

The stress due to eccentric loading on a
beam cross section is given by

P My
g, =—2t— @
1
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s~ The Load-Moment Relationship
m Equivalent Force System for Eccentric
Loading
Figure 3
P =48 kN
P=48KkN 'y |M, =48(40)=192kN-m
M. =4.8(60-35)=120kN-m
\ & % M, =192 kN'm

g /)

S 78N
[0 TS | = 0k Y
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z
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The Load-Moment Relationship

m Example 1

The T-section shown in Fig. 50 is used as
a short post to support a compressive load
P of 150 kips. The load is applied on
centerline of the stem at a distance e = 2
in. from the centroid of the cross section.
Determine the normal stresses at points A
and B on a transverse plane C-C near the
base of the post.
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g”  The Load-Moment Relationship

m Example 1 (cont'd)

Section C-C
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2 in I*

—X,=5in—>

The Load-Moment Relationship

m Example 1 (cont'd)

Area= A =2[6x2]=24in’

Xc

6in—=| | 2in

N.A.

ENGE 355 ©OAssakkaf

ng the cross-sectional properties:

= 3(6 x 2)+ (6 * 1)(6 X 2) = 51in. from point 4
24

6in I, ,= + -

)
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c, =

B

= The Load-Moment Relationship

m Example 1 (cont'd)
Equivalent force system:

P =
M = Pe=(150)2)x12 = 3,600 kip - in
Computations of normal stresses:

ENGE 355 ©Assakkaf

150 kip acts through centroid

P My 150 30005) s

A I, 24 136

_5_@:_@_%(63):-12.87@“@

A I, 24
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o Analysis of Short Columns:

Large Eccentricity

m The first step in the investigation of
short columns carrying loads at
eccentricity is to determine the strength
of given column cross section that
carries load at various eccentricities.

m For this, the design axial load strength
@P, is found, where P, is defined as the
nominal axial load strength at a given
eccentricity.
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Analzsis of Short Columns:

Large Eccentricity

m Example 2

Find the design axial load strength ¢@P, for
the tied column for the following conditions:
(a) small eccentricity, (b) pure moment, (c)
e =51in., and (d) the balanced condition.
The column cross section is shown.
Assume a short column. Bending about
the Y-Y axis. Use f = 4000 psi and f, =
60,000 psi.

A .
o
i i
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Analysis of Short Columns:
Large Eccentricity

m Example 2 (cont’d)

20”
6—#9 bars
Y /
5 ¥
X‘ _I I—' -X 14"
Y
14"
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)
(a) Small Eccentricity:

. 2
A, =14(20)=2801in
A, = 6in”(area of 6—#9 bars)

¢Pn = d)Ri(maX)
=0.809[0.85 4, —4,)+ fyAst]

=0.80(0.70)[0.85(4)(280—6)+(60)(6)]
=723 kips
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont’d)
(b) Pure Moment:

The analysis of the pure moment condition
is similar to the analysis of the case where
the eccentricity e is infinite as shown in
Fig. 4.

The design moment @V/, will be found
since P, and @P, will both be zero.

Assume that A4, is at yield, and then with
reference to Fig. 5, then

A
ol 2
Uipea
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Analzsis of Short Columns:

Large Eccentricity
m Example 2 (cont'd)

Al .
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Figure 4
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Analysis of Short Columns:

Large Eccentricity
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m Example 2 (cont'd)
C, = concrete compressive force
C, = steel compressive force
T = steel tensile force

!
€ 0.003 c-3
s_— = ¢’ =0.003 (3)
c—3 c c
Since , , 4
fl=Eg] 4)
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Analzsis of Short Columns:

Large Eccentricity
m Example 2 (cont'd) Figure 5

3! A 31 gl 0003 0837
\ >l

*H—.l T \ / T : < C
T 1 I 0.85¢ “cC
> 17" AS z Z,
M
il H—Q'/ Ey r >

Strain Stress and Force

(a) (b) ©) )
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont’d)

Substituting E, = 29 x 10° psi and €. given
by Eq. 3 into Eq. 4, gives

f= 29x106(o.oo3)c_3 _g7¢73 4)
C C
For equilibrium in Fig 4d,
C,+C,=T (5)

Substituting into above equation, yields
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Analysis of Short Columns:
Large Eccentricity

m Example 2 (cont’d)
(0.85/. )0.85¢)b+ f74 —0.85 14! = f, A, (6a)

(0.85)4)(0.85¢)+87< ; 3 (3)-0.85(4)3)=3(60) (6b)

v
Gt

— The above equation can be solved for ¢ to
give
c=3.621n.
and thus,

fl=87 3;626; 3 14.90 ksi (compression) (7)

11
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Analysis of Short Columns:

Large Eccentricity

Table 1. Areas of Multiple of Reinforcing Bars (in?)

Number Bar number
of bars #3 #4 $5 #6 #7 #38 #9 #10 #11
1 0.11 0.20 0.31 0.44 0.60 0.79 1.00 1.27 1.56

2 022 | 040 | 062 | 088 | 120 | 158 | 200 | 254 | 3.12
3 033 | 060 | 093 | 132 | 180 | 237 [G.00)| 381 | 468
4 044 | 080 | 124 | 176 | 240 | 316 | 400 | 508 | 624
5 055 | 100 | 155 | 220 | 300 | 395 | 500 | 635 | 7.80
6
7
8

0.66 1.20 1.86 2.64 3.60 4.74 6.00 7.62 9.36
0.77 1.40 2.17 3.08 4.20 5.53 7.00 8.89 10.92
0.88 1.60 2.48 3.52 4.80 6.32 8.00 10.16 12.48
9 0.99 1.80 2.79 3.96 5.40 7.11 9.00 11.43 14.04
10 1.10 2.00 3.10 4.40 6.00 7.90 10.00 | 12.70 15.60

Table A-2 Textbook

i

g
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Large Eccentricity
m Example 2 (cont’'d)
Therefore, the forces will be

C, =0.85£/(0.85¢)b = 0.85(4)(0.85)(3.62)(14) = 146.5 kips
C,=f'A —0.85f'4' =14.9(3)—0.85(4)(3) = 34.5 kips

— The internal Moments are

M, =Cz =146 {17— 0‘85(23'62)} =188.8 fit - kips
M, =CZ, = 34.504) 405 ~kips

n 12

12
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Large Eccentricity
m Example 2 (cont'd) Figure 5
3 ' 3 , 0.003 0.857;
: - i T\ Y/ | E
fH—Ol ‘ : «—C,
f T I 0.350 “TC
) 17// AS Zl Z2
oM, m/ (. r,
Strain Stress and Force
(a) (b) ©) )
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Analysis of Short Columns:

Large Eccentricity

m Example 2 (cont’d)

Therefore,
M =M +M, 6 =188.8440.3 =229 ft-kips

and

oM, =0.7(229) =160 ft - kips
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Analysis of Short Columns:

Large Eccentricity

m Example 2 (cont'd)
(c) The eccentricity e = 5 in:
The situation of ¢ = 5 in. is shown in Fig. 6

Note that in Part (a), all steel was in
compression and in Part (b), the steel on the
side of the column away from the load was in
tension. Therefore, there is some value of the
eccentricity at which steel will change from
tension to compression. Since this is not
known, the strain in Fig. 7 is assumed.
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont'd)

P Figure 6
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Y
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Analysis of Short Columns:

Large Eccentricity

A
ol 2
eyt

m Example 2 (cont'd) Figure 7
¥ 0.003 08/,
l As g; %
\ -
— *H—.l* T \ / q‘\ < < C,
i L, L 0.85¢ “TC
______ 5. et ! . Z,
12" Z,
(il 4 .
Comp./tens.? Assumed Strain Stress and Force
a
(a) (b) ©) @
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)
The assumptions at ultimate load are
1. Maximum concrete strain = 0.003
2. g! > g, therefore, f! =f,
3. & is tensile
4. & <¢g,andthus f <f,
These assumptions will be verified later.
The unknown quantities are P, and c.
The forces will be evaluated as follows:

15
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Analysis of Short Columns:
Large Eccentricity . _jo

m Example 2 (cont’'d)

"
Lt

T¥ 5%

Q'-‘nﬂ;r\!’

L/

C, =0.85f'ab = 0.85(4)(0.85¢ \14)— 40.46¢ J c
C,=/f,4 -085/4 L
€

=60(3)-0.85(4)(3)=169.8 kips

d—
T :f;A? :gsESAs :87( CjAS € _d—c
¢ 0003 ¢
=87(17_C]3=26117_C 6. =0.0039=¢ and
C
¢ ¢ d-c d-c
- f.=¢,E, :(0.003 J29x103 =87
From Zmoments =0in Fig.7c: c ¢
P =C+C,-T
17 -
— 40.46¢+169.8— 26111 =¢ (8)
c
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)

From > moments = 0, taking moments about 7' in
Fig. 7d

Pl12)=c[a-2)+c4) )
_ 112{40.46{1 7- 0'825‘:) + 169-8(‘14)}

Eqgs. 8 and 9 can be solved simultaneously for ¢ to
give ¢ =14.86in.
P =733 kips

16
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont’'d)

Now, the assumptions can be checked:

, _[14.86—3
14.86

_/, 60,000

YUE 29x10°

N

N

)(0.003) =0.0024

=0.00207 < (¢! =0.0024) OK

Therefore, fs'=fy, and based on the location
of the neutral axis:

17-14.86
=87
S ( 14.86

j =12.53ksi<60ksi OK
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)

— The design moment for an eccentricity of 5
in. can be computed as follows:

P, =¢P, =0.7(733) = 513 kips

oM, :¢Rqe:%2(5):214 ft - kips

—T;
Fha =

— Therefore, the given column has a design
load-moment combination strength of 513
kips axial load and 214 ft-kips moment.
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont’'d)
(d) The Balanced Condition Case:

The balanced condition is defined when the
concrete reaches a strain of 0.003 at the same
time that the tension steel reaches its yield
strian, as shown in Fig. 8c.

The value of ¢, can be calculated from

¢, = 87 _4- 87 (17)=10.06 in.
87+f,  87+60
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont'd) Figure 8

3 0.003 0857

As g; %
l ])b - <

T _lee .}, T [/ T o« C,
e K 0.85c =—*C
7777777777 . . d=17 i !
Fol &y r,
Straln Stress and Force

a b C
(a) (b) (©) ()
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont'd)

. 10.06-3
*710.06

Therefore, f|=f, =60 ksi
The forces can computed as follows:
C, =0.85(4)(0.85)10.06)(14) = 407 kips
C, =60(3)-0.85(4)3) =170 kips
T = 60(3)=180kips
B,=C,+C,~T =407+170-180 =397 kips

"
Lt
S
Q'-‘nﬂ;r\!’

(0.003)=0.0021> ¢, =0.00207
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)

— The value of ¢, may be calculated by
summing moments about 7T as follows:

Ple,+7)= Cl(d— 0'8;chj+c2(14)

+170(14)

397(e, +7)= 407[17 _085(12006)2}

— From which, ¢, = 12.0 in. Therefore, at the
balanced condition:
®P, =0.70(397) = 278 kips

oM, =¢Pe, = %Sz) =278 ft - kips

P
1 )
M- ENCE 355 ©Assakkaf
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)

— The results of the four parts can be tabulated
(see Table 2) and plotted as shown in Fig. 9.

— This plot is called an “interaction diagram’.

— In the plot, any point on the solid line
represents an allowable combination of load
and moment.

— Any point within the solid line represents a
load-moment combination that is also
allowable, but for which this column is
overdesigned.
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Analysis of Short Columns:
Large Eccentricity
m Example 2 (cont'd)

Table 2
Axial load strength Moment strength
e

((ﬂ)n’ klpS) (qaoneﬁ ft- klps)

Small 723 0 (small)
Infinite 0 160

5 in. 513 214
12 in 278 278

—
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Analysis of Short Columns:
Large Eccentricity

¢F, (kips)
800

Figure 9. Column Interaction‘ Diagran?

Compression Failure ——|

700 ‘\

g e — Balanced condition

g 500 - & — \

& I N \

T 400 - N RN

=] o

= 300 25 w. .

5 e =12 in.

= 200 e=¢€p >

100 / . .
"— Tensile Failure
0 e=[l ! |
0 50 100 150 200 250 300
Bending Strength of Member
Moment ¢Pe (ft - kips)
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Analysis of Short Columns:

Large Eccentricity
m Example 2 (cont'd)

— Any point outside the solid line represents an
unaccepted load-moment combination or a
load-moment combination for which this
column is underdesigned.

— Radial lines from the origin represent various
eccentricities (slope = @P,/@P, or 1/e).

— Any eccentricity less than ¢, will result in
compression controlling the column, and any

eccentricity greater than e, will result in
tension controlling the column.
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1 Design of Short Columns: Large

Eccentricity
m The design of a column cross section

using the previous calculation approach
would be a trial-and-error method and
would become exceedingly tedious.

m Therefore, design and analysis aids
have been developed that shorten the
process to a great extent.

m A chart approach has been developed
in ACI Publication SP-17 (97), ACI
Design Handbook.
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i~ __Design of Short Columns: Large

Eccentricity

m The charts take on the general form of
Figure 9 but are set up to be more
general so that they will remain
applicable if various code criteria
undergo changes.

m These charts can be used for both
analysis and design of columns.

m There are also computer programs
available to aid in the design process.




