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m Example 6
— Develop a fourth-order interpolation
polynomial for the following set of data, for
which we know their original function, that

is, flx) =x3.

X 0 1 2 3 4
fx) |0 1 8 27 | 64
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<= g |f the values of the independent
variables are equally spaced, a finite
difference scheme can be used to
develop an interpolation polynomial.

— If Ax is the increment on which the values
of the independent variable are recorded,
then the first finite difference of the
dependent variable y = f{x) is

Af = fx+Ax)- f(x) (1)

{S,\« OF.
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— The second finite difference can be
expressed as

N f = Alaf]= [ (e +2Ax)- £ (x + Ax)]

Lrera)-s@)] @
— In general, the n finite difference is
A f = Al ] ©
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= g Rule
— The ith finite difference, where i is less than
or equal to n, of an nth-degree polynomial
is a polynomial of degree (n—1).
— This rule implies that the nth difference
would be a constant.

— Assume the following nth-order polynomial:

@‘d OF,

flx)=b, +bx+b,x* +---+b _x""+bx" (4

b, does not equal zero.
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— For (x + Ax), the polynomial given by Eq. 4
becomes

F(x+Ax)=b, +b,(x+ Ax)+b, (x + Ax) +b,(x+ Ax)’
+-4b, (x+Ax)' ()

— This polynomial can be rearrange into

flx+Ax)=bx"+(b _, +nAxb )" +---  (6)
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— The first finite difference can be
constructed by subtracting Eq. 4 from Eq.6
as follows:

f(x)=b, +bx+b,x*+--+b _x""+b x"

flx+Ax)=bx"+(b,_, +nAxb J™" +--

Af = f(x+Ax)- £(x)
Or (7)
Af = (b, +nAxb, " +--.
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— For (x + 2Ax), EQ. 5 becomes
Sx4+2A0)=b, (x+2Ax) +b, ,(x+2Ax) "+ (8)

— Equations 8, 6, and 4 can be substituted
into Equation 2 to compute a second finite
difference, with the following result:

A f=nln—1)Ax) b x" 2 +--- €))
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S _ Equation 9 is a polynomial of order (1-2).
— By induction,the ith finite difference is given
by
ANf=nn-1)\n-2)(n—i+1)Ax)b,x""+-- (10)
— Equation 10 is a polynomial of order (n —1).
— The nth finite difference equals the
following constant:
N f =n(n=1\n-2)--(1XAxY b, =n(ax)ys, (11

Finite Difference Interpolation
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m Example 1
— Suppose that » = 2, then Eq. 4 becomes

£(x)=b, +bx+b,x*
Or
f(x)=b2x2+b1x+b0 (12)
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%= m Example 1 (cont'd):
— For (x + Ax), f{x + Ax) can be defined as
follows:
Fx+Ax)=b,(x+Ax) +b,(x+Ax)+b,
=b, (x2 +2xAx + (Ax )’ )+b1 (x+Ax)+b,
=b,x* +b,2xAx +b, (Ax ) +bx+bAx+b,
= byx +(2Axb, +b, Yo+ (b, (A +b,Av+b,)

£ e+ Ax)=b,x? + QAxb, +b, Y+ (b, (Axf +b,Av+b, ) (13)
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“” @ Example 1 (cont'd):
— For (x + 2Ax), fix + 2Ax) can be defined as
follows:
Fx+2Ax)=b,(x +2Ax) +b, (x +2Ax)+ b,
= b, (v + 4xAx+ QAxY )+ b, (x + 2Ax)+ ,
= b,x* + b, 4xAx + b, (2Ax)’ +b,x + 2b, Ax + b,
= b,x + (4Axb, + b, v+ (b, 2AXY +20,Ax +0,)

F(c+2Ax) = byx® + (4Axb, +b v+ (b, QAXY +2b,Ax+5, )| (14)
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m Example 1 (cont’d):
—Recall Eq. 1, 12, and 13
Af = flx+Ax)= f(x)
f(x)=b,x> +bx+b,
70+ Ax)=byx? +(2Axb, +b, Y+ (b, (Ax) +bAx+0,)

The first difference is computed as follows:

Af =26, (A )+ (b, (A +B,4¢)  (15)
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m Example 1 (cont’d):
— Similarly, recall Eq. 2,12,13, and 14
N f = Alar]= (e +240) = £+ Ax)]- [ (v -+ Ax) = £(x)]
f(x)=b,x> +bx+b,
7 (v+2Ax)= b, + (4Axb, + b, v+ (b, QAXY +26,Ax+0,)
70+ Ax)=byx? +(2Axb, +b, Y+ (b, (Ax) +b,Ax+0,)

A
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The second finite difference is computed as follows:

A f =2b, (Ax) (16)
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m First and Second Finite Difference
— The a quadratic polynomial of the form
fx)=b,x* +bx+b,
— The first and second finite difference are
given as
Af =26, (Ax )+ (b, (A ) +5,A4¢)  (17)
and
A’ f =2b,(Ax) (18)
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m Example 2

— Develop an interpolation polynomial for the
following data using the finite difference
approach. Estimate the f(x) for x =2.7

X

fx) 3 5

Ax=2-1=3-2=1
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m Example 2 (cont’d):

fx) 3 5

Ax=1

fix)=3
fix + Ax)=5
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“is @ Example 2 (cont'd):
— The first finite difference can be obtained
using Eq. 1 as
Af = fx+Ax)- f(x)=5-3=2
— This value can be equated to Eq. 17 as
follows:
Af =26, (Ax)x + (b, (Ax ) +b,Ax)
2= 26, ()1)+ (b, 1) +5,)

2=3b, +b (19)
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“ux® m Example 2 (cont'd):
— The second finite difference can be
obtained using Eq. 2 as

N f =[f(c+2Ax)— fx+Ax)]-[£ e+ Ax)— £ (x)]

=[8-5]-[5-3]=1
— This value can be equated to Eq. 18 as
follows:
A f =2b,(Ax)
1=2b,(1) =2b, (20)
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m Example 2 (cont’d):
— Solving Eq. 20, gives b, =0.5
— Substituting this result into Eq. 19, gives

2=3b, +b, = b, =2-3b, =2-3(0.5)
Or
b =0.5
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m Example 2 (cont’d):

— Using these values of b, and b, and any
one of the three points, a value of b, can
be calculated from Eq. 12 as follows:

f(x)=b,x* +bx+b,
b, = f(x)=8-0.53) -0.5(3)
=2
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m Example 2 (cont’d):
— Thus, the interpolation polynomial is

f(x)=b,x> +bx+b,
f(x)=0.5x>+0.5x+2

— £(2.7) can be estimated:

£(2.7)=0.52.7) +0.5(2.7)+2 = 6.995
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m Finite-difference Tables
— We see in the preceding example that the
finite difference approach can be used to
construct an interpolation polynomial.

— However, the procedure can be tedious
and requires a lot of computations.

— Therefore, we need some sort of scheme
to organize the procedure using finite-
difference tables.
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m Finite-difference Table

— The finite-differences can be organized into
a table as shown in the next viewgraph.

— The finite-difference table can be used to
derive an interpolation polynomial.

— As we will see, finite-difference tables can
be used with Newton formula to derive
interpolation polynomials.
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Finite-difference Table

x fx) Af A N A
X fx)
Afix)
X+ Ax fx + Ax) Af(x)
Afix + Ax) A¥flx)
x+2Ax | flx+24x) A2 fix + Ax)
A flx + 2Ax) A fix + Ax)
x+3Ax | flx+3Ax) A2 fix + 2A%)
Aflx + 3A%) A3 fix + 2A%)
A2 fx + 3Ax)
: : : i | A
x +H(n-2)Ax | fx +(n-2)Ax] A2 fx +(n-3)Ax]
AfIx +( n-2)Ax] A3 fx +(n-3)Ax]
x+H(n-DAx | fx +(n-1)Ax] A2 fx +(n-2)Ax]
A f[x +(n-1)Ax]
x + nAx flx + nAx)

Finite Difference Interpolation

m Example 3

Construct a finite-difference table for the
following set of data:
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Be BN B

X

10 11

12

13 14

Jx)

1000 | 1331 | 1728

2197 | 2744
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‘e m Example 3 (cont'd):

X Sx) iva Nf NS A
10 1000
331
11 1331 66
397 6
12 1728 72 0
469 6
13 2197 78
547
14 2744

© Assakkaf
ENCE 203 — CHAPTER 6¢c. NUMERICAL INTERPOLATION Slide No. 98




