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Introduction

� Interpolation is a process generally 
used to estimate a missing functional 
value by taking a weighted average of 
known functional values at neighboring 
points.

� When dealing with tabular values, three 
basic problems are encountered.
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Introduction

� Types of Problems for Tabular Values
� FIRST:

Given a mathematical relationship in tabular 
form, one may wish to extend its range beyond 
that given by the original data points.

� SECOND:
The intention may be to approximate a functional 

value between two data points
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� Types of Problems for Tabular Values
� THIRD:

One may wish to approximate an independent 
variable corresponding to a given functional 
value.
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� Examples Tabular Values
� Shear Stress of Oil between Two Parallel 

Plates

0.00555
0.00650
0.00930
0.01520
0.0805

Viscosity µ (N-sec/m2)Temperature T (oC)

platesbetween  gap
velocity  µ

µτ

=

=
h
V

Table 1

(1)
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� Examples Tabular Values
� Shearing Stress on Noncircular Element 

Due to Torque T

Gabc
TL

abc
T

3
2

2
1

max

=

=

φ

τ
a

b

T

T

L

τmax

(2)
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� Examples Tabular Values

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0

0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

Shearing Stress on Noncircular 
Element Due to Torque T

Gabc
TL

abc
T

3
2

2
1

max

=

=

φ

τ

Table 2
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� We see that interpolation is required in 
many engineering applications that use 
tabular data as input.

� The basis of all interpolation procedures 
is fitting of some type curve or function 
to a sunset of tabular data.

� Interpolation algorithms differ in the 
form of their interpolation functions.
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� Example 1: Crude Estimate
Suppose that we want to find the shear 
stress between two plates for a 
temperature of 35oC using Eq. 1.
Looking into Table 1, in this case the table 
does not provide a value for T = 35oC.
In this case, we resort to interpolation.
A crude estimate of the viscosity would be 
to take the average between 2 data points 

© Assakkaf

Slide No. 9

� A. J. Clark School of Engineering � Department of Civil and Environmental Engineering

ENCE 203 � CHAPTER 6a. NUMERICAL INTERPOLATION

Introduction

� Example 1 (cont�d): Crude Estimate

0.00555
0.00650
0.00930
0.01520
0.0805

Viscosity µ (N-sec/m2)Temperature T (oC)

m 025.0
m/sec 2

:Suppose

=
=

h
V

2
average N/m 6.0

025.0
20075.00075.0

2
006.0009.0 ===⇒=+=

h
Vµτµ
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� Example 2: Better Estimate
Repeat Example 1 using linear 
interpolation.

( ) ( )
00825.0

009.0006.0
009.0

3050
3035

006.050
35

009.030
sec/m-NC

35
35

35

2o

=⇒
−

−=
−
−⇒ µµ

µ

µT

2N/m 66.0
025.0
200825.0 Therefore, ===

h
Vµτ
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� Example 3
Use both the crude (average) and linear 
interpolation methods to find the largest torque 
which may be applied to the noncircular brass 
bar as shown.  Assume τ = 40× 106 Pa, a = 
0.064 mm, and b = 0.025 mm.

a

b

T

T

L

τmax
2

1
max abc

T=τ
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� Example 3 (cont�d)

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0
0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

Crude estimate:

N.m 420
)025.0)(064.0(2625.0

1040

2625.0
2

267.0258.0

56.2
025.0
064.0

2
6

2
1

max

average-1

=⇒=×

=

=+=

==

TT
abc
T

c

b
a

τ

© Assakkaf

Slide No. 13

� A. J. Clark School of Engineering � Department of Civil and Environmental Engineering

ENCE 203 � CHAPTER 6a. NUMERICAL INTERPOLATION

Introduction

� Example 3 (cont�d)

0.2630.2673.0
0.2490.2582.5
c2c1a/b

Linear estimate:

2591.0
258.0267.0

258.0
5.20.3
5.256.2

267.00.3
56.2

258.05.2
/

0

0

0

1
1

1

1

=⇒
−

−
=

−
−⇒ c

c
c

cba

56.2
025.0
064.0 ==

b
a
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� Example 3 (cont�d)

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0
0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

Crude estimate:

N.m 6.414
)025.0)(064.0(2591.0

1040

2591.0

56.2
025.0
064.0

2
6

2
1

max

10

=⇒=×

=

=

==

TT
abc
T

c
b
a

τ
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� Linear Interpolation
� Linear interpolation is the process of 

estimating a missing functional value 
between two data points by constructing a 
line between these two points.

� The linear function of the line then can be 
used to find the desired value of the data 
point of interest.

� In the previous examples, linear 
interpolation was implicitly employed.
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Introduction

� Linear Interpolation
� Consider the following line connecting two 

points P1 and P2:

xi xi+1x

f(xi)

f(xi+1)

f(x)

P1

P2
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� Linear Interpolation

xi xi+1x

f(xi)

f(xi+1)

f(x)

P1

P2

( ) ( )
ii

ii

xx
xfxfm

−
−

==
+

+

1

1  Slope
( ) cmxxf +=

:Line a ofEquation 

( ) ( )ii xfxf −+1

ii xx −+1
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� Linear Interpolation

xi xi+1x

f(xi)

f(xi+1)

f(x)

P1

P2

( ) ( )ii xfxf −+1

ii xx −+1

( )
( ) ( ) ( ) ( )

i
ii

ii
iii

ii

x
xx

xfxfxfmxxfc

cmxxf

−
−

−=−=

+=

+

+

1

1
1

1

2 :PPoint  Using
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� Linear Interpolation
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )[ ] ( )

( ) ( ) ( ) ( )[ ]ii
ii

i
i

ii
ii

ii

i
ii

ii
i

ii

ii

xfxf
xx

xxxfxf

xfxx
xx

xfxfxf

x
xx

xfxfxfx
xx

xfxfxf

−
−

−
+=

+−
−
−

=

−
−

−+
−
−

=

+
+

+

+

+

+

+

+

1
1

1

1

1

1

1

1

or
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� Linear Interpolation Function
The linear interpolation function is given by

( ) ( ) ( ) ( )[ ]ii
ii

i
i xfxf

xx
xxxfxf −

−
−

+= +
+

1
1

xi
xi+1x

f(xi)

f(xi+1)

f(x)

P1

P2

( ) ( )ii xfxf −+1

ii xx −+1

(3)
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� Example 4
Use Eq. 3 of linear interpolation function to find 
the largest torque which may be applied to the 
noncircular brass bar as shown.  Assume τ = 
40× 106 Pa, a = 0.064 mm, and b = 0.025 mm.

a

b

T

T

L

τmax
2

1
max abc

T=τ
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� Example 4 (cont�d)

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0
0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

( ) ( ) ( )
( ) ( ) ( ) ( )[ ]

[ ]

N.m 6.414
)025.0)(064.0(2591.0

1040

2591.0258.0267.0
5.23

5.256.2258.0     

? and ,267.0 ,258.0
3 and ,5.2 ,56.2

56.2
025.0
064.0

2
6

2
1

max

1
1

1

1

1

0

=⇒=×

=

=−
−

−+=

−
−

−+==

==
===

==

+
+

+

+

TT
abc
T

xfxf
xx

xxxfxfc

xfxfxf
xxx

b
a

ii
ii

i
i

ii

ii

τ
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Method of Undetermined 
Coefficients

� The method of undetermined 
coefficients is conceptually the simplest 
interpolation algorithm.

� It illustrates many of the key points that 
hold for all interpolation procedures.

� In this method, an nth-order polynomial 
is used as the interpolation function f(x).
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Method of Undetermined 
Coefficients

� Interpolation Polynomial
� The general form of this interpolation 

polynomial can be given as

� where b0, b1, b3,�,bn are determined using 
the measured data points.

( ) n
n xbxbxbxbbxf +++++= L3

3
2

210
(4)
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Coefficients

� Interpolation Polynomial
� The degree of the polynomial gives the 

type of the interpolation scheme.
� For example, a first-order interpolation 

polynomial is actually a linear function of a 
straight line between two data points, that 
is

( ) xbbxf 10 += (5)



14

© Assakkaf

Slide No. 26

� A. J. Clark School of Engineering � Department of Civil and Environmental Engineering

ENCE 203 � CHAPTER 6a. NUMERICAL INTERPOLATION

Method of Undetermined 
Coefficients

� Interpolation Polynomial
� A second-order or quadratic interpolation 

would be given as

� A fifth-order interpolation would be given 
as

( ) 2
210 xbxbbxf ++= (5)

( ) 5
5

4
4

3
3

2
210 xbxbxbxbxbbxf +++++=
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Coefficients

� Interpolation Polynomial
� Note that in the linear interpolation 

polynomial of Eq. 5, the slope of the line is 
given by the parameter b1 and the intercept 
of the line is given by the coefficient b0. 

( ) xbbxf 10 +=

( ) cmxxf +=
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Method of Undetermined 
Coefficients

� Interpolation Polynomial
� Generally, as the degree of the 

interpolation polynomial increases, the 
interpolation function provides more 
accuracy.

� Using a function that is more flexible than a 
straight line, the accuracy of an estimate 
can be improved.
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Coefficients

� Interpolation Polynomial
� A nonlinear function that has more 

coefficients than the linear interpolation 
function should provide greater accuracy.

� However, since a nonlinear function may 
contain more unknown coefficients than 
the straight line, it may be necessary to 
use more data points to estimate the 
coefficients. 
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Method of Undetermined 
Coefficients
� Example 5

Develop both a linear and quadratic 
interpolation polynomials for finding the largest 
torque which may be applied to the noncircular 
brass bar as shown.  Assume τ = 40× 106 Pa, a
= 0.064 mm, and b = 0.025 mm.

a

b

T

T

L

τmax
2

1
max abc

T=τ
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� Example 5 (cont�d)
Linear Polynomial

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0
0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

( )
( )

267.03    
258.05.2

or
)0.3(267.0

5.2258.0

56.2
025.0
064.0

10

10

10

10

10

=+
=+

+=
+=

+=

==

bb
bb

bb
bb
xbbxf

b
a
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)
� We notice that we have a system of two linear 

equations, which can be solved for the 
unknowns b0 and b1 as follows:









=
















267.0
258.0

 
31
5.21

1

0

b
b
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)

018.0
)1(5.2)3)(1(

)258.0)(1()1(267.0

31
5.21

267.01
258.01

213.0
)1(5.2)3)(1(

)267.0(5.2)3(258.0

31
5.21

3267.0
5.2258.0

1
1

0
0

=
−

−=









==

=
−

−=









==

A
A

b

A
A

b
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Coefficients

� Example 5 (cont�d)
� The linear interpolation function, therefore, 

is given by

� And the estimate for c1 at a/b =2.56 will be 
estimated as

( )
( ) )/(018.0213.0

or  ,018.0213.0

1 bacf
xxf

+=
+=

( ) 2591.0)56.2(018.0213.056.2 =+=f
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Coefficients

� Example 5 (cont�d)

N.m 6.414
)025.0)(064.0(2591.0

1040 2
6

2
1

max

=⇒=×

=

TT
abc
Tτ
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� Example 5 (cont�d)
Quadratic Polynomial

0.3330.333∞
0.3120.31210.0
0.2910.2915.0
0.2810.2824.0
0.2630.2673.0
0.2490.2582.5
0.2290.2462.0
0.19580.2311.5
0.16610.2191.2
0.14060.2081.0
c2c1a/b

( )
( )

267.0    93    
258.025.65.2
246.0     42    

or
)0.3()0.3(267.0

)5.2()5.2(258.0

)2(0.2246.0

210

210

210

2
210

2
210

2
210

2
210

=++
=++
=++

++=

++=

++=

++=

bbb
bbb
bbb

bbb
bbb
bbb

xbxbbxf
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)
� We notice that we have a system of three linear 

equations, which can be solved for the 
unknowns b0, b1 and b2 as follows:
















=

































267.0
258.0
246.0

 
931
25.65.21
421

2

1

0

b
b
b
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)

168.0
25.0
042.0

931
25.65.21
421

93267.0
25.65.2258.0
42246.0

0
0 ====

A
A

b
















=

































267.0
258.0
246.0

 
931
25.65.21
421

2

1

0

b
b
b
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Coefficients

� Example 5 (cont�d)

051.0
25.0

01275.0

931
25.65.21
421
9267.01
25.6258.01
4246.01

1
1 ====

A
A

b
















=

































267.0
258.0
246.0

 
931
25.65.21
421

2

1

0

b
b
b
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)

006.0
25.0
0015.0

931
25.65.21
421
267.031
258.05.21
246.021

2
2 −=−===

A
A

b
















=

































267.0
258.0
246.0

 
931
25.65.21
421

2

1

0

b
b
b
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� Example 5 (cont�d)
� The quadratic interpolation function, 

therefore, is given by

� And the estimate for c1 at a/b =2.56 will be 
estimated as

( )
( ) 2

1

2

)/(006.0)/(051.0168.0
or  ,006.0051.0168.0

babacf
xxxf

−+=

−+=

( ) 25924.0)56.2(006.0)56.2(051.0168.056.2 2 =−+=f
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Method of Undetermined 
Coefficients

� Example 5 (cont�d)

N.m 8.414
)025.0)(064.0(25924.0

1040 2
6

2
1

max

=⇒=×

=

TT
abc
Tτ


