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m A system of simultaneous linear
equations can be presented as

an X, +a,X,+a, X, +-+a,X, =C
a, X, +ta,X,ta,X;++a, X, =C,

_ 1
au X, +ap X, +a, Xy ++a, X, =C, ()

aanl +a112X2 +an3X3 +'“+anan = Cn
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m This system of equations can be put in
a matrix form as
a, G, d; a, || X G
Ay Ay Ay ay, || X> C,
ay  ay  ay ccoay, || X5 | =| G 2)
_anl an2 an3 an _ _Xﬂ_ _Cﬂ_
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e g which, the coefficient matrix A is
given by

A=la,, ay,, a; - a,, |, X=|X,|and C=|C,

a, a, - a X C

L

X = vector of unknowns, and C = vector of constants
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m This system of equations can also be
expressed in a compact form as
augmented matrix as

ay dp 4y a, | G

ay Gy dy a,, | G,

a; 4y ds; a,, | G )
_anl anZ anS ann | Cn B
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\"\o%mgy m The elements of L and B can be computed from the
elements of A as follows:

l,=a, fori=12,...,n (4a)
u, =% for j=23,..n  (4b)
11

=

Z ady  forj=23,.. .n—landi=j,j+1,...,n (40)

k=1
Jj-1

Z kUi
= '}1 for j=23,...,n—landi= j+1,j+2,...,n (4d
J)

nz‘l,l Hin (46)
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m Example 1

For the following system of linear equations,
decompose the coefficient matrix into Lower
and upper triangular matrices L and U.

X, +3X,+2X, =15
2X,+4X,+3X, =22
3X,+4X,+7X, =39
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m Example 1 (cont’d)
This system can be expressed in a matrix form

as
(1 3 2][x,] [15]
2 4 3||Xx,|=]22
3 4 7|[X,| [39]
A X C

© Assakkaf

ENCE 203 — CHAPTER Se. SIMULTANEOUS LINEAR EQUATIONS Slide No. 147




LU Decomposition

S
5 1)

5 Qi ——
,% ‘D « A.J. Clark School of Engineering * Department of Civil and Environmental Engineering

- m Example 1 (cont’d) 132
Using Eq. 4a: A4=2 4 3
I —a, 347
i =1,2 and 3, therefore
ly=a, =1
Ly =a, =2
L =a; =3
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3

=" @ Example 1 (cont'd)
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Using Eq. 4b b2
sing Eq. 4b: dzlr 4 3
1:3 3 47
J
le
Jj =2 and 3, therefore
a 3
12 —2===3
[, 1
a 2
13 —=—=2
L, 1
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i g Example 1 (cont’d)
Using Eq. 4c: 13 2 [=2
j-1 A=|2 4 3 L, =
=a; =3 Ly 3 4 7| wu,=
k=1
j=2,andi =2 and 3, therefore
2-1
an =D Lyt =a Zl,kuk, ~Ly, =4-(2)(3) =2
k=1
2—-1
a3 _Zlikukf =dx _Zlik”/q = Lyu, =4-(3)(3)=-5
= =
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Vi g Example 1 (cont'd)
Using Eq. 4d: 1 3 2| [,=2
-l A=|2 4 3| [,=-2
a; = Ly, 304 7| us=2
k=1
Uy =——

J

Jj =2,andi = 3, therefore

2-1 !
Ny -1
Uu,, = a23 ; 2kuk3 — a23 ; 2kuk3 —_ a23 —1211/l13 = 3_2(2) = 05
23 L, l,, b 2
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" g Example 1 (cont’d) 3
' 31
Using Eq. 4e: b3 2 s
32 T
n—1 A = 2 4 3 2
— Uz =
lrm =a,, — Zlnkukn 3 4 7 B
k=1 Uy =0.5
Therefore,
3-1 2
Ly =az; — zl3kuk3 =dy — zl3kuk3
k=1 k=1
=dy— [l3lu13 + 132“23]
=7-(3)(2)-(-5)(0.5)=3.5
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m Example 1 (cont’d)
— Using Eq. 4, the elements of L and U were

found to be
[, =1
L, =2 u, =3
L, =3 U3 =2
l,,==2 Uy =0.5
l,, ==5
[, =3.5
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m Example 1 (cont’d)
— Hence, the lower triangular matrix L
resulting from A is:
111 =
L, =2 1 O 0
by =3 L=|2 -2 0
[, ==2
I, =-5 3 =5 35
I, =35
ENCE 203 — CHAPTER 5e. SIMULTANEOUS LINEAR EQUATIONS S”iﬁ:_a::f
LU Decomposition
PE
5?“\ it . e - B BN S
COZ&E;;S*
1)
m Example 1 (cont’d)
— And the upper triangular matrix U resulting
from A is:
0y, = 1 3 2
ths = U=|0 1 0.5
u,, =0.5
0O 0 1
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% @ Example 2

For the upper and lower triangular matrices
U and L computed in Example 1, show that
the multiplication of LU will result in the
coefficient matrix A.

1 0 O

I 3 2 1 3 2
L=(2 -2 0 U=|0 1 05 A=(2 4 3
3 -5 35 0 0 1 3 4 7
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“ux m Example 2 (cont'd)
— Performing the matrix multiplication, gives

1 0 O0}f1 3 2
LU=[2 -2 010 1 05

3 0 0 1

1

2

-5 35
3 2
23)+(=2)() 2(2)+(=2)(0.5)

3 33)+(=5)1) 3(2)+(=5)(0.5)+(3.5)(1)

1 3 2
=12 4 3| «— 4
347
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m Once the coefficient matrix is
decomposed into L and U, these
matrices can be used to solve a system
of equations with constants C,,i=1,2,

R (B

m The solution can be obtained in two
steps, forward pass and back
substitution.
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| m Recall that the matrix form for the
simultaneous linear equations is

o ~r — — —

a, a, a5 - a,l||X, G
Ay Ay Ay Oy, || X G,
Ay, Ay Ay coay, || X5 | =] G ( )
_anl an2 anS an _ _Xﬂ _ _Cﬂ .
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m Or in terms of the lower and upper
triangular matrices L and U, the system
of equations can be represented by

Ly 0 0 - O\l wy wuy - wy, || X G
Ly Iy 0 1 uy Uy, || X, G, (6)
Ly Ly Ly -+ 0110 0 Lo, ([ X5 =G
_lnl an ln3 nn | ‘0 0 0 1 B _Xn_ _C4_
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m Recall the forward pass of the Gaussian
elimination that resulted in the following
upper triangular matrix:

Fl d12 d13 dln
o 1 d, - d, e,
0 0 1 - d, e

(7)

0O 0 0 0 1 e
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The forward pass produces the e, values
fori=1,2,..., n of equation 7 as follows:

C
=5 (8a)
ll 1
i—1
Ci =2 lye,
= -
e =— =  fori=23,....n (8b)
lii
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m Back Substitution

— The back substitution results in the X,
values fori=1,2,..., n as follows:

X, =e, (%a)
n
X, =e — Zuinj fori=n-1,n-2,...,1 (9b)
Jj=i+l
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Solve the system of equations of Example
1 using the LU decomposition approach
The system of equation in a matrix from is
13 2][x,] [15
2 4 3||X,|=]22
3 4 7(|Xx,| |39
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m Example 3 (cont’d)

The decomposed lower and upper
triangular matrices were found in Example

1as
1 0 0 1 3 2
L=|2 -2 0 U=|10 1 0.5
3 -5 35 0 0 1
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m Example 3 (cont’d)
Using Eq. 8a:
C'1

ll 1
Therefore,

15

el—l 15

[, =1
1, =2
Ly =
l,==-2
L, =5
l; =35

15
22
39
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I, =1 U, =3
)
m Example 3 (cont’'d) L=2 u,=
li;smg Eq. 8b: L, =3 u,=05
Ci_zllijej 122 =-2 15
j=
e =—"-—"
! lii 132 = _5 C = 22
i =2 and 3, therefore, 133 =35 39
2-1 1
C le. C,—)>1 e,
o 2 S 2 T _2-he _22-()09) _,
’ lzz 22 122 -2
3-1 i
C,->lLe C,—)Il.e,
oo BT Gl mlye, (39-315)-(=9() _,
3
133 133 133 35
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Using Eq. 9a:

Xﬂ = e}’l
Therefore,
X, =4

5
St I
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Be BN B

e =15
e, =4
e, =4
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m Example 3 (cont'd)  _,.
Using Eq. 9b: 1

e, =4
Xizel.—zn:uinj e =4
J=i+l X3=4

i =2 and 1, therefore,

3
Xy=e, =Y uy X, =e,—u,, X; =4—-0.5(4) =2

2+1

Be BN B

=1 Uy =

=2 U3 =
L, =3 uy=05
l==2 15

L==5 c=|22
l,=3.5

3
Xi=e = du X, = —u,X,—u;X; =15-(3)(2) - (2)(4) =1

1+1
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m Example 3 (cont’d)

— Therefore, the solution for the system of
equations is
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