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Problem 1 (25 points)

For the following set of linear simultaneous equations, use Gauss-Seidel iteration to solve the equations with
initial values of x; =x, =0 and x5 = 1:

0.1x, +7x, —0.3x; =—19.3

0.3x, —0.2x, +10x, =71.4
3x, =0.1x, =0.2x, =7.85
Use two iterations with 4 significant figures. How would you improve the accuracy of the method?

##% SOLUTION ***

To make the equations diagonally dominant, and to avoid divergence problems with the method, these equations
should be rearrange as follows:

0.1x, +7x, —0.3x; =—19.3 3x, —0.1x, —0.2x, =7.85
0.3x, =0.2x, +10x, =71.4 E> 0.1x, +7x, = 0.3x; =-19.3
3x, —0.1x, —0.2x, =7.85 0.3x, —0.2x, +10x, =71.4
Therefore,
7.85+0.1x, +0.2x, -19.3-0.1x, +0.3x, 71.4—0.3x, +0.2x,
X, = 3 , X, = - ,and x; = 10

Iteration 1,7 =1:
.= 7.85+0.1(0) +0.2(1)

1 . =2.683
_T193- 0.1(27.683) +03(0) _ o,
o =Tl 0.3(2.683) +0.2(-2.753) _ .,

10
Iteration 2, i = 2:

o 785+0.1(=2.753) +0.2(7.004)

| =2.992
3
_T193- 0.1(2.932) +0.3(7.009) _ , 59
.- 71.4 - 0.3(2.99120) +0.2(=2.500) _ 400

The accuracy can be improved by using more iteration cycles and more significant figures.
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Problem 2 (30 points)
The following set of equations is given in matrix form as

L1 x| |2
4 =2||x,| |3
(a) Identify the matrix of coefficients, the vector of unknowns, and the vector of constants.
(b) Perform LU decomposition on the matrix of coefficients A4 (i.e., Find the lower and upper triangular

matrices L and U such that LU = A).
(c) Solve this system of equations using the method of determinants.

*#% SOLUTION ***
(a) Identify A, X and C:

1 1 X,
A: ) X: )
4 -2 X,

a, .
®) l, =a, fori=1,2 u, =l—“ for j =2
11
111:all:1 u :a—lzzlzl
I =a, =4 . I, 1

n—1
lnn =a,, — ZInkukn
k=1

2-1
ly, =ay - lek”kz ==2-lu,=2- (4)(1) =-6
k=1

Therefore,

1 0 1 1
L= and U=
|:4 - 6:| |:0 1:|

(c) Solution using the Method of Determinants:

11
4= 4 o =-2(1)-(1)4)=-6
s
. :%: 3_;2 _ 2(—21—6(1)(3)::_2:1_167
]
- |4, 43 3(1)—(2)(4):—_5:0.8333
4 -6 -6 -6
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Problem 3 (25 points)
For the following set of data:
X 0 1 2 3 4
fx) 0 0.5 0.75 0.79 0.99

(a) Construct a finite-difference table and numerically evaluate the first, second, and third derivative at x = 1
using forward differences.

4
(b) Use the Simpson’s 1/3-Rule to numerically evaluate the integral J £ (x)dx. How can you reduce the

error in your estimate of the integral?

*#% SOLUTION ***

(a) Finite-difference Table:

X fx) A(x) A’Ax) A f(x) A*fx)
0 0
0.5
1 0.5 -0.25
0.25 0.04
2 0.75 -0.21 0.33
0.04 0.37
3 0.79 0.16
0.20
4 0.99
From the table,
2
) _025_ o , /1) -02! =-021,and
e 2-1 x> (2-1)
3
d fs(l)z _0'373 =-0.37,and
dx (2—1)
(b) Simpson’s 1/3-Rule:
n=2
[ e = 3 Z e )+ 4 s () + (v, )

i=1,3,5

[ 7= 3205

zl3

= LG )+ 7Ce) £G) 7)o 41 )+ £ )

)+ 41 (e )+ f(xn)]

= %[0+ 4(0.5)+0.75+0.75 + 4(0.79) + 0.99] = 2.550

The accuracy can be improved by
1. Smaller step size (does not apply in this case),or

2. Application of Simpson’s 3/8-rule for the first 4 points, and then the Trapezoidal rule for the last pair of
points.
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Problem 4(20 points)
Based on the following set of data points, the functional value, f{1.35), resulting from using Newton’s finite-
difference interpolating polynomial is 3.57:

i 1 2 3
X 0.5 1.0 1.5
£x) 2.2 1 39

What is the value of f; that is missing in the table?

##% SOLUTION ***

x fix) M) A’fix)
0.5 2.2
fH-22
1.0 P 6.1-2f>
3.9-5
1.5 3.9
Newton’s Method:
16)= 1o bl o e D 1, )
g X% _ 1.35-0.5 _17
Ax 0.5
f1.35)=22+1.7(f, —2.2)+w(6.1—2f2)

22+1.7f, —3.74+0.595(6.1-21, )= f(1.35)=3.57
22+1.7f, =3.74+3.6295-1.19f, =3.57
0.51f, =1.4805
or
_ 1.4805 _

2229
/2 0.51
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