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Conditional MomentsE Covarian(:e2

and Correlation Coefficient
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m Computational Procedures for Moments

— Discrete Random Variable:
— The ki moment about the origin is given by

v k_k _k
M, = le xz...anXlXT“X” (xl,xz,...,xn)

allx

— Continuous Random Variable:
— The k' moment about the origin is given by

+00+00  +00

v k k _k
M, = j J....J.xl XXy [y %, x, (xl,xz,...,xn)dxldxz...dxn
—00—00 —0
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* Conditional Moments, Covarlance
and Correlation Coefficient

m The previous moments are considered
as a special case of mathematical
expectation.

m The mathematical expectation of an
arbitrary function g(x), which is a
function of the random vector X, is
defined in the following viewgraph for
discrete and continuous cases.
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bl Conditional Moments, Covarlance
and Correlation Coefficient

m Mathematical Expectation
— Discrete Random Variable:
— The mathematical expectation is given by

E[g Zg X)(2 ‘xl KXyseees X )

allx

— Continuous Random Variable:
— The mathematical expectation is given by

+00+00  +00

E[g J.I J‘g fXX X, (xl Xpsee )dxlde‘”dxn

—00—00  —00
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Conditional Moments, Covarlance
and Correlation Coefficient

m For simplicity, the presentation of the
materials in the remaining part of this
section is limited to two random
variables.

m For the two-dimensional case, X, and
X,, the conditional mean for X, given
that X, takes value x, denoted pyx,, IS
deflned in terms the conditional mass
and density functions for the discrete
and continuous random variables.
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i~ Conditional Moments, Covarlance2

and Correlation Coefficient

m Conditional Mean
— Discrete Random Varlable

Hx x, _E le X, |X, x1 |x2)

all x;

— Continuous Random Variable

+00

Ry x, = E(Xl |X2): lefX1|X2 (xl |x2)dxl

—00
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Conditional Moments, Covarlance2

and Correlation Coefficient

m Conditional Mean

For statistically uncorrelated random variables
X, and X,, the conditional mean is given by
Ry x, = E(Xl | Xz): E(Xl)

Ry, x, = E(Xz |X1): E(Xz)
Also, it can be shown that

EX2 (HX2|X, ): E(Xl)
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Conditional Moments, Covarlance2

and Correlation Coefficient

m Conditional Variance

— Discrete Random Variables
Var(X, | X,) Z(xl “XI\XZ)Z X1|Xz(xl|x2)

all x;

— Continuous ngdom Variables
Var(Xl |X2)= I(xl _HXI\XZ)ZfX]\XZ (xl |x2)dx1

—00
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Conditional Moments, Covarlance2

and Correlation Coefficient

m The variance of a random variable X
can also be computed using conditional
variance as follows:

Var(Xl)z E, [Var(Xl | X, )]+ Vary, [E(X1 | X, )]
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i~ Conditional Moments, Covariance2

and Correlation Coefficient

m Covariance of Two Random Variables

The covariance (Cov) of two random variables
X, and X is defined in terms of mathematical

ZReLiERnS B[, —p, ) - )

It is common to use the following notations for
the covarianceof X, and X, :
Oy x,>O1p, OF COV(XI,XZ)
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g~ _Conditional Moments, Covariance,
and Correlation Coefficient

m Covariance of Two Random Variables

* It can be shown that the Cov can also be
determined using the following equation:

Cov(X,, X, )= E(Xle)_Hxlllez

where

+00+00

E(Xle): I Ix1x2fX1X2 (xnxz)dxldxz

—00—00
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| Conditional Moments, Coyariance,

and Correlation Coefficient

m Covariance of Two Random Variables

— If X, and X, are statistically uncorrelated
random variables, then

Cov(X,,X,)=0

and
E(X1X2 ) = Ky My,
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Conditional Moments, Covariancez

and Correlation Coefficient

m Correlation Coefficient

The correlation coefficient of two random
variables X, and X, is defined as a normalized
covariance with respect to the standard
deviations of X, and X, and is given by

_ Cov(X,,X,)

Pxx
142 GX] GXZ

The correlation coefficient ranges between -1and +1,

—1<py, <+1
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" Conditional Moments, Covariance2

and Correlation Coefficient

m Correlation Coefficient

« If the correlation coefficient is zero, then the two
random variables are said to be uncorrelated.

* In order for py4x, to be zero, the Cov(X; X,) must
be zero.

» Therefore X, and X, are statistically uncorrelated.
* However, the converse of this finding is not true.

* The correlation coefficient can be viewed as a
measure of the degree of linear association
between X, and X.,.
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Conditional Moments, Covariance2

and Correlation Coefficient
m Example: Two Discrete RV’s

Given the following joint density function of
random variables X and Y and assume n = 2:

1

n+l -

—_— forO<x<landx"<y<x"
fXY(x’y): n—1 7

0 otherwise

(a) Find the marginal density functions of X and Y.
(b) Determine the mean or expected values of X

and Y.
(c) The covariance and correlation coefficient of X
and Y
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Conditional Moments, Covarlance2

and Correlation Coefficient

m Example (cont'd): Two Discrete RV’s
a) Marglnal density functions

Ifﬂ X,y dy _[n—“d —M(x’l’—x"]

n—1

1
§+i(x —x2J=3[x2—x2] for0<x<l1

Ifxyxy )dx = fLHd —Hl[y —yJ

n—1

1 1
:M[yz—y2]23(y2—y2J for0< y<1

2-1




7+ CHAPTER 6b. MULTIPLE RANDOM VARIABLES Slide No. 16

" Conditional Moments, Covariance2

and Correlation Coefficient
m Example (cont'd): Two Discrete RV’s
b) Expected values of Xand Y

Since f(x)=f,(v) = E(x)=E()

< E(X)=E(Y)= j.xfx (x) dx = jx(ztn{xi Ly J dx

0 0

241 l
1(n+lj = (n+1j x " x"?
:J. —x" =x"" |dx= -
s\n—1 n—1)| 2n+l p42
0

n
(n+l n 1
_(n—lj|:2n+l_n+2}

E

Forn=2,E(X)=E(Y)=045
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'~ Conditional Moments, Covariance2

and Correlation Coefficient
m Example (cont’d): Two Discrete RV’s

c) Covariance and correlation of Xand Y
Since jX(x)zjy(y) = E(Xz)zE(Yz) or 65 =0,

. E(x?)=E(r?)= sz fy(x)dx = .:[xz(;ltij[xi —x"J dx

0
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Conditional Moments, Covariancez

and Correlation Coefficient
m Example (cont'd): Two Discrete RV’s
c) Covariance and correlation (cont’d)

The variances of X and Y are computed as follows:
Var(X)=E(x?)-[E(X)f =0.2571-(0.45) =0.0546
The expected value of the product XY is

1
m
n

E(xy)=|

X

n+2 xy dxdy =0.25
n-1
Therefore,
Cov(X,Y)=E(XY)-E(X)E(Y)=0.25-0.45(0.45)=0.0475
_ Cov(X,Y) 0.0475 0.870

P o Jor 0054600546
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Function of Random Variables

... S e . [ e | I

m Many engineering problems deal with a
dependent variables that is a function of
one or more independent variables

P
(11T 7 I 773
O
‘ L2
‘ L
_wl PL

M

+ 22 =112.5w+7.5P
8§ 4

10
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Functions of Random Variables

m Three cases to be considered:

— Probability distributions for dependent
random variables,

— Mathematical expectations, and
— Approximate methods
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Function of Random Variables

... S e . [ e | I

m A random variable X is defined as a
mapping from a sample space of an
engineering system or experiment to the
real line of numbers.

m If Yis defined to be a dependent
variable in terms of a function

Y = g(X)
then Yis also a random variable

11
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Functions of Random Variables

m Examples
P
w
—r O [T 171711171
o V% w— _Q
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Function of Random Variables

. S e . [ e | I

m Single Random Variable

— The stress (Y) in a beam is a function of an
applied load (X). If the load is random, the
stress is also random

— Linear Case r=g(x)
Y=g(X)=aX+b
where a and b are real numbers
E(Y)=aE(X)+b Var = a’Var(X)
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Functions of Random Variables

m Multiple Random Variables

— The stress (Y) in a beam is a function of an
applied load, material properties, and

eometry:
9 y Y=g(X,X,,..,X,)
— Linear Case

Y=g(X)=a,+a X, +a,X,+..+a,X,
where a and b are real numbers
E(Y)=a, +aE(X,)+a,E(X,)+..+a,E(X,)

var(Y)=3"> a,a,Cov(x,. X )

i=l j=1
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a“\.ﬁ FunCtiOn Of Random Variables

... S e . [ e | I

m Multiple Random Variables
— |t should be noted that
Cov(X,, X,)=Var(X,)=0c%
— The variance of Y can be also obtained from

Var(Y)z ZZaiaijlchchXl

— If the random variables of the vector X are
statistically uncorrelated, then

Var(Y)= Zn: a’Var(X,)
im1

13
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Functions of Random Variables

m Example: Mean and Variance of a
Linear Function

Assume X and Y are uncorrelated.
Z=2X+5Y+10
ny=3 and p, =5
6,=1 and o,=2
Therefore,
W, =20, + 50, +10=2(3)+5(5)+10=41

o2 =Y a?Var(X,)=2*(1) +5°(2)’ =104
i=l1

and
6, =+104=102 cov(z)= 12'12 =0.25
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. Functions of Random Variables

m Mathematical Expectation
Mathematical expectation for Y = g(X)
— Discrete Case

Ele(x)]=> (x )P, (x,)

i=1

— Continuous Case

Ele())- (017, (s

14
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- Functlonsof Rndom Variables |

m Variance
The variance for Y = g(X)
— Discrete Case

Var(Y) Var[g ] Z E[g ]) Pe(x;)

— Continuous Case

Var(Y)= Var[g(X)]= _[ )-Elg(x,)]f £y (x;)dx
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" Functions of Random Variables

. S e . [ e | I

m Special Case
— If the function Y = g(X) = a X + b, then

E(Y)=aE(X)+b
Var(Y ) = anar(X )

Where a and b are real numbers.

15
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Functions of Random Variables

m Multiple Random Variables
— If the function Y = g(X) is given by

Y=g(X)=a0+a1X1 +a, X, +..+a,X,

Then
E(Y)=a, +a,E(X,)+a,E(X,)+..+a,E(X,)
and
Var(Y)z ZZaiajCov(Xi,Xj)z ZZaiaij[X/_GXAGXI
i=1 j=1 i=1 j=1

If the random variables of X are uncorrelated, then

Var(Y)= gaf Var(X,)
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Functions of Random Variables

m Multiple Random Variables
— If the function Y = g(X) is given by
Y =g(X)=XX,X,..X,
Then

16
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Functions of Random Variables

m Example: Cost of Precast Concrete

The total cost C to manufacture a concrete
panel in a precast plant is

C=15X+2Y

where X is the cost of materials, Y is the cost of
labor. If the costs X and Y are assumed to be
uncorrelated with means of $100/panel and
$250/panel, respectively, and with standard
deviations of $10/panel and $50/panel,
respectively, compute the mean,variance,
standard deviation, and COV of the total cost.
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Function of Random Variables

... S e . [ e | I |

m Example (cont'd): Cost of Precast

Concrete
He=1.5p, +2p,
=1.5(100)+2(250)
=$650/panel
o;. =156 +2%c;
=1.52(10) +2%(50)’ =10,225($/ panel )’

6. =4+/10,225 =$101.12/panel

Coyv = 10112 =0.1556
650

17



