Homework #&8 Solution

ENCE 302 - FALL 2001
Due M, 11/12

Problem 1:
Textbook: 4-2

X = Thermal Test
Y\ X A NA PA Pry)
¥ = Magnetic A 0.80 0.02 0.00 0.82
Field NA 0.04 0.02 0.02 0.08
PA 0.04 0.02 0.04 0.10
Px(x) 0.88 0.06 0.06 1.00
Problem 2:

The joint probability density function of two random variables X and Y is expressed as
follows:
{c(x2+xy+y2) for0<x<2and2<y<4
Sry =
0 elsewhere
(a) Determine the constant ¢ such that fy y(x,y) is a legitimate joint density function.
(b) Determine the marginal density function for X.
(c) Determine the marginal density function for Y.
(d) Are X and Y statistically independent (uncorrelated)? Justify your answer.
(e) Determine the probability of the following events:
1. P(Y>3|X=1)
2. Fxy(1,3)
*%%* SOLUTION ***
(a) Determination of c:

jic(xz +xy+y2)dxdy =1
20
or ci[);—3+§y+y2xj
2
1
c=—
54.67

2 4

4 8 8 2 3
dy=cj[§+2y+2y2jdy:c[§y+2y7+2y?j

0 2

=1

2

or

(b) Marginal DF for X:

¢ o1 1 56
filx)= (x2+xy+y2)dy=—(2x2+6x+—j
x J2-54.67 54.67 3

(c) Marginal DF for Y-
2

Sy (y ) = I

0

1 2 2 1 8 2
+xy+y )Jdx=——| —+2y+2
54.67 (s 54.67(3 i



(d) X'and Y are not statistically independent because f, (x) v (y) * fxy (x, y).
(e) Probabilities:
Ser®y) x4y )’

fi() 2x2+6x+536

fY|X(y| )

4
1. P(Y>3| X =1)= jl+y+)’ﬁy 0.63125
3

X2+ xy+y )dxdy =0.1448

31
2. Fy,(1,3)= !{5467

Problem 3:
Textbook: 4-11
The conditional probability mass function Pyy(X = PA) for different y values is given as

1%PA|A)=6%5<=0

P(PA |NA)= 882_025

0.04
) —_—=

P(PA|PA)= 0.4
0.10

Problem 4:
Textbook: 4-20
L
AE
1. The first-order mean

2. The first-order variance:
88 L

8P AE
% LP
OE AE?
(a) P and E are uncorrelated:

2 2 2
2 N 88()6) L 2 LMP 2
=3 | 2 par(x,) | —=— -
o z[ aXij ar(x) (Auj[ ke

(b) P and E are correlated

33 (20 )J(%(")]covmm

j
2 2
L L
ol = [L] G, +(— “‘; ] o+ Z[LJ[ H‘Z jcov(P E)
Apg Ap Apg \ o Aug
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Problem S5:
The rate of steady water flow per time unit at a constant depth in a prismatic open
channel can be estimated using the following Manning formula:

C
=_mAR2/3S1/2
Q n

where C,, is a constant of value = 1 in SI system, n» = Manning roughness factor, R =
hydraulic radius, and S = slope of the bottom of the channel. Consider a trapezoidal cross
section made with gravel. Assume C,, is a constant. However, n, 4, R, and S are
statistically independent random variables with mean values of 0.029, 8.0 mz, 1.1 m, and
0.003, respectively, and the corresponding COV’s are 0.30, 0.1, 0.1, and 0.1, respectively.
No distributional information is available.

(a) Determine the first-order mean and standard deviation of Q.

(b) Determine the second-order mean of Q using the following equation:

1 n 82
E(Y)~ gl gty by, )+—Z( %]Var()(l)

25\ 0X

i

(c) Compare the results of Parts (a) and (b).

**%* SOLUTION ***

(a) First-order mean:
3

1 2/3 1/2 m
E ~ 8N1.1 0.003 =16.1—
(0~ L L (0003) * ~16.1™

First-order variance:

Var(Q):( ! (8)(1.1)2/3(0.003)”2)2(0.029><0.3)2+(O.1

0.029* 029

(8)(1.1)2/3(0.003)1/2j2(8 x0.1)°

2 2
1 2 -1/3 1/2 2 1 2/3 1 1/2 2
—(8) = (1.1 0.003 1.1x0.1 8N1.1 —1(0.003 0.003x0.1
oz 3 o 0003y | 0 o o6 Joo0s) | 000301
=2333+2.59+1.15+0.65=27.72
3
Therefore, standard deviation 6, = 5.265 m
s

(b) Second-order mean:
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E(Q)~16.1+ 2{[ 1) ~(8)1.1) (0. 003)”)(0 029%0.3)’ }

+(8><O.1)2><O+( 1 (8{21—1](1.1)4/3(0.003)”2](1.1x0.1)2

0.029 " \3 3

(0 029 (8)1. )2/3( j(_zlj(o-O%)‘”J(o.om x0.1)’

3

= 16.1+%(2.898 +0-0.036-0.04)=17.51
S

‘M‘xmo:&os% error

Comparison of means:
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